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Table A-4.16 continued

G. Available moments from 2000 to 5000 ft-kips
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Table A-4.16 continued

H. Available moments from 5000 to 8000 ft-kips

Notes:
1. Values are based on the conservative assumption that the "lateral-torsional buckling modifier," Cb = 1.0. This conservative value of Cb 
= 1.0 is quite close to the actual value for simply-supported beams with equally spaced point loads of equal weight, where the beam is 
braced at those points only, except for the special case of a single point load at midspan, in which case Cb = 1.364. Actual values for Cb 
can be found for each unbraced beam segment by calculating the bending moments at the quarter-points along each segment (MA, MB, 
and MC, with MB being the moment at the midpoint of the segment), as well as the maximum moment, Mmax, within each segment, and 
then inserting these values into Equation 4.13, reproduced as follows:

In any case, the available moment cannot exceed Mp/Ω, the value for braced, compact sections given in Appendix Table A-4.15.
2. Solid circles represent the maximum unbraced length, Lp, for which a plastic moment can be achieved before the onset of lateral-tor-
sional buckling; open circles represent the maximum unbraced length, Lr, for which an elastic moment can be achieved before the onset 
of lateral-torsional buckling (see Figure 4.24).			
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Table A-4.17: Maximum (actual) deflection in a beam1,2,3

22.46 9.33 4.49 	 216

35.94 16.07 8.99 n/a

61.34 26.27 13.31 n/a

85.54 36.12 17.97 n/a

n/a n/a n/a 	 576

Notes:
1. Beam diagram symbols in top row of tables represent the following conditions (from left to right): simply-supported; one end pinned 
and one end continuous; both ends continuous; and cantilever.
2. Units for the maximum (actual) deflection equation are as follows:
	 Δ = maximum (actual) deflection (in.)
	 C = deflection coefficient
	 L = span (in.): The quantity (L /12) that appears in the deflection equation is therefore the span in feet
	 E = modulus of elasticity (psi when load is in lb; or ksi when load is in kips)
	 Ix = moment of inertia about axis of bending (in4)
	 P = concentrated load or resultant of uniformly-distributed load (lb or kips)
	 w = uniformly-distributed load (lb/ft or kips/ft)
3.  Allowable deflections (from Appendix Table A-1.3) are as follows:
	 For live load only (or snow or wind only), the typical  basic floor beam limit is L /360 while typical roof beam limits are L /180, L /240, or 	
	 L /360 (for no ceiling, nonplaster ceiling, or plaster ceiling respectively).
	 For total loads (combined live and dead), the typical basic floor beam limit is L /240 while typical roof beam limits are L /120, L /180, or 	
	 L /240 (for no ceiling, nonplaster ceiling, or plaster ceiling respectively).

Deflection coefficient, C, for maximum (actual) deflection, Δ (in.), where Δ =
CP(L/12)3

EIx
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Table A-4.18: Shear capacity, or available strength, for a high-strength bolt subjected to single shear with threads ex-
cluded from shear plane (kips)
A. Bearing-type connections1

Bolt type Nominal bolt diameter (in.)
5/8 3/4 7/8 1 1⅛ 1¼ 1⅜ 1½

Group A (A325) 10.4 15.0 20.4 26.7 33.8 41.8 50.3 60.2

Group B (A490) 12.9 18.6 25.2 33.0 41.7 51.7 62.2 74.3

Group C (F3043) — — — 44.4 56.2 69.5 — —
 
B. Slip-critical connections (based on strength rather than serviceability)2

Bolt type Nominal bolt diameter (in.)
5/8 3/4 7/8 1 1⅛ 1¼ 1⅜ 1½

Group A (A325) 4.29 6.33 8.81 11.5 12..7 16.0 19.2 23.3

Group B (A490) 5.42 7.91 11.1 14.5 18.1 23.1 27.3 33.4

Group C (F3043) — — — 20.3 25.5 32.3 — —

Notes:
1. Capacities are tabulated for single-shear connections, with bolt threads excluded from all shear planes (condition X). For double-
shear, multiply values by 2; for threads included within shear planes (condition N), multiply values by 0.8. For double-shear and threads 
included, multiply by 2 × 0.8 = 1.6.
2. Slip-critical capacities are based on standard holes and single-shear. For double shear, multiply values by 2. Slip-critical bolts must 
also satisfy bearing capacity values in Appendix Table A-4.19. 

Table A-4.19: Bearing capacity, or available strength, for a high-strength bolt bearing on material 1 in. thick, with clear 
spacing between bolts (or edge) ≥ 2 in. (kips)1

Material being
connected

Nominal bolt diameter (in.)
5/8 3/4 7/8 1 1⅛ 1¼ 1⅜ 1½

A36, Fu = 58 ksi 54.4 65.3 76.1 87.0 97.9 109 120 131

A992, Fu = 65 ksi 60.9 73.1 85.3 97.5 110 122 134 146

Note:
1. Capacity (available strength) is tabulated assuming that the bolt hole clear spacing (or clear spacing between bolt hole and material 
edge) in direction of force is no less than 2 in. For clear spacing less than 2 in., multiply capacity by Lc/2, where Lc is the actual clear 
spacing (in.). For cases where the small deformations associated with bolt bearing, at ordinary service loads, are considered to be a 
design issue, multiply capacity by 0.8. Where the thickness, t, of the material is other than 1 in., multiply the capacity by the thickness, t 
(in.). These multiplications are cumulative so that, for example, the capacity of a material with t = ⅝ in., clear spacing between bolts of 
1.75 in., and consideration of bearing deformations, would be equal to the tabular value multiplied by (⅝)(1.75/2)(0.8) = (tabular value × 
0.4375).
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Table A-4.20: Minimum and maximum spacing and edge distance measured from bolt centerline for standard holes
A. Minimum bolt spacing (in.)

Nominal bolt diameter (in.)
5/8 3/4 7/8 1 1⅛ 1¼ 1⅜ 1½

Suggested 1⅞ 2¼ 2⅝ 3 3⅜ 3¾ 4⅛ 4½

Required 1⅔ 2 2⅓ 2⅔ 3 3⅓ 3⅔ 4

B. Minimum edge distance (in.)1

Type of edge Nominal bolt diameter (in.)
5/8 3/4 7/8 1 1⅛ 1¼ 1⅜ 1½

All edges 7/8 1 1⅛ 1¼ 1½ 1⅝ 123/32 1⅞

C. Maximum bolt spacing and edge distance (in.)
Member thickness (in.)

1/4 3/8 1/2 5/8 3/4 7/8 1 1⅛
Centerline spacing2 6 9 12 12 12 12 12 12

Edge distance 3 4½ 6 6 6 6 6 6

Notes:
1. Minimum edge distances, measured in the direction of  force, may be reduced below these values, as long as bearing capacity is ap-
propriately reduced (see Note 1 in Appendix Table A-4.19). Bearing and tearout limits must also be met.
2. Maximum centerline spacing is measured in the direction of the applied load (longitudinally), and is valid for members not subject to 
corrosion, whether painted or not. For unpainted weathering steel, the maximum spacing is 7 in. or, where the thinner member is less 
than ½ in., 14 times that member's thickness.

Table A-4.21 Size limitations (leg size, w) for fillet welds (in.)

Thickness, T, of material being joined (in.)1

T < 1/4 in. T = 1/4 in. 1/4 < T ≤ 1/2 in. 1/2 < T ≤ 3/4 in. 3/4 < T
Minimum weld size, w 1/8 1/8 3/16 1/4 5/16

Maximum weld size, w T 3/16 T – 1/16 in.

Note:
1. For minimum weld size, the thickness, T, is the thinner of the two plate thicknesses being joined (either T1 or T2); for maximum weld 
size, the thickness, T, is the smallest thickness (edge) that the weld leg actually comes into contact with (i.e., T1).
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Chapter 5

Reinforced concrete

Reinforced concrete is plain concrete in which steel bars have been strategically placed so that they 
compensate for the low tensile strength of the concrete. This allows concrete — historically (i.e., 
before the late nineteenth century) a material that was, like masonry, stressed primarily in compres-
sion — to become quite a bit more versatile. This versatility comes about not because reinforcing 
concrete with steel makes the concrete suitable for use in pure tension members, but rather be-
cause it opens up the possibility of using concrete where either bending, or other combinations of 
compression and tension are expected: not only in all sorts of slabs, beams, girders, and columns, 
but also in more exotic shell structures such as hyperbolic paraboloids. 

For the record, it should be noted that steel bars added to concrete bending and compression 
elements may also be placed where compression, and not only tension, is expected. In columns, for 
example, buckling can cause bending in either of two directions about a column’s weak axis, so the 
location of added tension and compression stresses is unknown. Therefore, reinforcing bars must 
be placed to resist tension on both sides of the column, even though one side will not be subjected 
to tension stress. In beams, compression steel is often provided for two reasons. First, it is conve-
nient to provide at least a nominal amount of steel in all four corners of a rectangular concrete cross 
section, and not only in the tension zone. Doing so provides a framework (or cage) that enables 
the whole ensemble of necessary reinforcement to be tied together and lifted in one piece into 
formwork before the concrete is cast. Second, compression steel is often desired because it reduces 
deflection of beams, especially those with long spans and relatively narrow depths.

Material Properties

Concrete consists of aggregate (course aggregate, or gravel, and fine aggregate, or sand) that is 
bound together with hydraulic cement. “Hydraulic” refers to the fact that the cement reacts with 
and hardens (cures) in the presence of water. Water is therefore the third necessary ingredient in 
plain concrete. 

Aggregate

While the Romans used all sorts of aggregate in their 2000-year-old plain concrete structures — in-
cluding recycled brick rubble, tile, and relatively large hunks of rock — modern aggregate consists 
almost exclusively of stone and sand that are combined in precise proportions, using various sizes or 
grades to minimize voids between the aggregate particles. 

The logic of grading can be understood by imagining a container filled with spherical stones, all 



262 Structural Elements for Architects and Builders

of the same size (Figure 5.1a). Clearly the voids left between the spheres can be filled using smaller 
stones (Figure 5.1b); and the voids between those smaller stones can be filled with even smaller 
stones, or sands. The goal is to minimize such voids for two primary reasons. First, cement — which 
fills the voids and binds the aggregate together — is far more expensive than gravel and sand. Sec-
ond, cement tends to shrink as it cures, so that large quantities of cement would result in unaccept-
ably large amounts of shrinkage and cracking. Using only large stones is clearly less effective than 
adding a variety of smaller aggregate to a mix that includes large stones. On the other hand, using 
only small aggregate is also less effective, since a larger stone could displace not only a great deal 
of the smaller aggregate but also eliminate the voids (cement) between the small aggregate pieces 
that have been displaced. 

So why not use really large rocks as aggregate, thereby displacing the most voids? In fact, the 
largest aggregate size used in any given mix is limited both by the spacing between bars of reinforc-
ing steel (since the aggregate must be able to easily pass through the matrix of steel bars) and by 
the smallest dimension of the formwork or slab thickness. For this reason, maximum aggregate sizes 
of 3/4 in. or 1 in. are fairly common. Aggregates graded in this way typically comprise about 60 to 80 
percent of the volume (and 70 to 85 percent of the weight) of plain concrete, and consist of several 
grades of fine aggregate (sand) and several grades of course aggregate (gravel), as represented in 
Figure 5.1c. 

Cement

Modern cements — at least since 1824 when Joseph Aspdin patented a hydraulic mix whose color 
was similar to that of a stone found on the Isle of Portland in the English Channel (hence, portland 
cement) — contain a number of ingredients (calcium, silicon, aluminum and iron) which are ground, 
blended, and heated in a kiln to create a cement clicker which, in turn, is blended with gypsum and 
ground again into a fine powder. Cement ingredients come from rather commonplace materials such 
as limestone, shells, shale, clay, sand and iron ore.

Blended cements combine portland cement with other hydraulic materials including industrial 
by-products such as fly ash, blast furnace slag, and silica fume. These products can actually increase 
the durability and strength of concrete by reducing the amount of water necessary for the workabil-
ity of the concrete mix. It turns out that more water is used in concrete than is needed for the chemi-
cal reaction between water and cement that results in the hardening of the cement; this “extra” 

Figure 5.1: Schematic representation of (a) container filled with only large, spherical aggregate, (b) the same container 
with smaller, spherical aggregate partially filling the voids between the large aggregate and (c) the container with a 
more realistic representation of continuously graded aggregate; in all images, the gray tone represents the cement

(a) (b) (c)
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water is required so that the concrete can be mixed and placed into forms; otherwise, it would be 
too stiff. When this extra water eventually evaporates, it leaves pores in the concrete that reduce 
the strength of the concrete (since a void cannot resist tensile or compressive forces) while provid-
ing a pathway for salts or other unwanted elements into the concrete, leading to various forms of 
damage or distress. Certain materials, such as fly ash — a by-product of coal-fired electric generating 
plants — are unusually smooth and spherical. For that reason, they act like ball bearings within the 
concrete mix, facilitating mixing and placing with reduced quantities of water.

The strength of concrete is quite sensitive to the water-cement (w/c) ratio: too little water makes 
the concrete hard to place, and encourages honeycombing — i.e., the appearance of voids when the 
formwork is stripped because the concrete was too stiff to fill the form properly, thereby reducing 
its strength. On the other hand, too much water leads to loss of strength and durability as described 
earlier.  For ordinary concrete, a w/c ratio of about 0.6 (comparing the weights of the two materials) 
is typical, although in corrosive environments, the w/c ratio should be reduced to 0.5 or even 0.4. By 
using blended cements, the w/c ratio can be lowered — reducing voids and increasing both strength 
and durability — without compromising the workability of the mix. One also scores points with green 
building rating systems, since the use of recycled materials such as fly ash is considered beneficial. 
Implicitly acknowledging the impact of concrete on the production of global warming gases, the ACI, 
beginning in 2014 and continuing in 2019, has included a short, and rather passive-aggressive, sec-
tion on sustainability in their Building Code Requirements for Structural Concrete and Commentary. 
After stating that “the licensed design professional shall be permitted to specify in the construction 
documents sustainability requirements in addition to strength, serviceability, and durability require-
ments of this Code,” the next section gratuitously reminds us that “strength, serviceability, and du-
rability requirements of this Code shall take precedence over sustainability considerations.”

There are some downsides to the use of such recycled material to replace a portion of the port-
land cement. In general, concrete cures faster when only portland cement is used, as blended ce-
ments slow down the curing process: this slower cure time could result in substantial losses (since 
time = money), especially in multistory buildings where each floor is cast sequentially only after the 
prior floor structure has cured sufficiently. Additionally, some of these recycled ingredients, such as 
silica fume, have actually become more expensive than standard cement; and some of the lower-
priced options may contain unwanted ingredients (e.g., sulfur) that could increase the risk of crack-
ing or corrosion of steel reinforcement.

Table 5.1: Types of portland cement
Type Name Common applications
Type I General purpose For ordinary construction of buildings, pavement, etc.

Type II Moderate sulfate resistance For concrete exposed to sulfate ions in soil or water

Type III High early strength For use in cold weather, or where rapid construction is desired

Type IV Low heat of hydration Rarely used; formerly used in massive structures like dams

Type V High sulfate resistance For concrete exposed to high levels of sulfate ions in soil or water

Five types of portland cement are manufactured, as shown in Table 5.1. In practice, Types I and 
II are often combined into a single product (Type I/II). Type III is more finely ground, which tends to 
accelerate the mostly exothermic chemical reactions associated with curing, providing more heat to 
keep these reactions going in cold weather. Type IV is no longer commonly used, but was designed 
to slow down the exothermic reactions associated with curing in order to minimize temperature 
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differentials in massive structures like dams (Type II cement is now more commonly used for such 
purposes, as its moderate heat of hydration has proven to be acceptable in massive concrete con-
struction). Type V is like Type II, but with even more resistance to sulfate attack.

Water

Water used in reinforced concrete should be free of organic matter and salts. Ordinary municipal wa-
ter works well and is commonly used, but some forms of recycled water are also acceptable. When 
concrete is cast in either extremely hot or extremely cold conditions, ice may be added to the water, 
or the water may be heated, to compensate for these environmental conditions. This adds some 
expense to the process, but otherwise helps maintain an appropriate rate of curing.

Admixtures

Aside from the three main constituents of concrete — aggregate, cement, and water — other in-
gredients, called admixtures, are sometimes added to the concrete mix. The most commonly used 
are air-entraining agents. These admixtures increase the amount of air in concrete by forming tiny 
bubbles that are spread throughout the mix, allowing freezing water to expand (into these bubbles) 
without cracking the concrete. For this reason, air entrainment is almost always specified when 
concrete may be subject to freezing conditions. In fact, most cement types are available with such 
air-entraining agents already included.

Water reducers constitute a second class of admixtures that includes both mid-range and high-
range variants, the latter also known as plasticizers or superplasticizers. These admixtures create 
workable, and in some cases highly “flowable,” concrete at lower w/c ratios, thereby increasing the 
concrete’s strength and durability. Some of these admixtures, such as fly ash, are precisely the ingre-
dients used to create blended cements.

Corrosion inhibitors are a third type of admixture. These are designed to protect reinforcing steel 
from rusting in particularly corrosive environments; otherwise the inherently alkaline nature of con-
crete protects steel bars from corrosion without requiring any added ingredients.

Brittleness

Lack of ductility is an undesirable property for a structural material, and is associated with low tensile 
strength. This is because small cracks or imperfections in a brittle material tend to propagate when 
pulled apart under tension, leading to a characteristic type of brittle failure. To prevent sudden, cata-
strophic failure of reinforced concrete beams, for example, the amount of reinforcement must be 
kept small enough so that the steel will yield (in a ductile manner) before the concrete crushes (in a 
sudden, catastrophic, brittle manner). Where this is not possible — in structural elements controlled 
by compression — safety factors must be adjusted accordingly.

Mixing and testing

Concrete mixes are designed to achieve a desired compressive strength with the minimum amount 
of cement compatible with adequate workability. The primary variable in determining strength is the 
ratio of water to cement (w/c), where this ratio is based on the relative weight, not volume, of the 
two materials. A methodology for proportioning the constituent ingredients in concrete promulgated 
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by the American Concrete Institute (ACI) is widely used in practice. 
Concrete, however, poses unique challenges as a material because the constituent ingredients 

are often stored and put together at a batching plant, and then delivered to the job site in special 
trucks containing rotating drums in which the ingredients are mixed in transit. When the concrete is 
then cast (not “poured”) into forms, there is no way to validate the strength of the mix unless por-
tions of the mix are set aside and tested. Some tests can be performed immediately on the job site: 
for example, the percentage of entrained air in the mix can be measured with an air entrainment 
meter (Figure 5.2a) and the consistency of the mix — and by implication the workability — can be 
evaluated with a slump test (Figure 5.2b). The first of these tests is based on Boyle’s law, with air 
pressure and volume being inversely proportional. The second test relies less on scientific equations 
and more on low-tech empirical evidence — when fresh concrete is placed in an inverted 12-in.-high 
cone and the cone is quickly removed, the concrete will “slump” down to an extent that can be cor-
related with its consistency and workability (which is, to some extent, related to the w/c ratio).  A 
more accurate w/c measurement can be obtained by conducting a microwave oven test that deter-
mines this ratio by essentially heating a cylinder of fresh concrete until the water evaporates and 
then comparing the weight of evaporated water to that of the cement. 

A test that is specified by the American Concrete Institute (ACI) and often mandated by building 
codes is a compressive strength cylinder test. At least two 6 × 12 cylinders  — or three 4 × 8 cylinders 
— are filled with fresh concrete at the job site and cured in a testing lab for 28 days (Figure 5.2c). At 
that time, they are crushed in a testing machine and their compressive strength is measured. Two 
cylinders are filled for every 150 cubic yards of concrete (or for every 5,000 ft2 of slab surface) and, 
after 28 days of controlled curing, the average strength of any three consecutively tested cylinders 
must be greater or equal to the specified cylinder strength of the concrete. Alternatively, the con-
crete is considered acceptable — even if this first criterion is not met — as long as all tested cylinders 
are no more than 500 psi weaker than the specified cylinder strength.

Figure 5.2: Three tests commonly performed on concrete are (a) an air entrainment test to measure the percentage 
of entrained air, (b) a slump test to approximately measure the consistency, or workability, of the concrete, and (c) a 
cylinder test to measure the 28-day compressive strength (all images first screen-captured from the Construction of 
Milstein Hall Part 4 Concrete video by the author at https://jonochshorn.com/scholarship/videos/milstein/ and then 
photo-edited; the cylinders shown have not yet been filled with fresh concrete) 

(a) (b) (c)
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Strength of concrete

Aside from concrete’s relatively high compres-
sive strength, the material properties that are 
most significant in terms of its structural be-
havior are low tensile strength, brittleness, and 
shrinkage. 

The specified compressive strength of con-
crete, f 'c , is generally in the range of 3000 – 5000 
psi for ordinary projects (Figure 5.3), although 
much higher values can be obtained, at greater 
expense, especially for high-rise applications. 
This compressive strength is not achieved im-
mediately after the concrete is mixed, but only 
after 28 days of curing. Of course, if 28 days of 
waiting were required before a story could be 
cast on top of the story immediately below, 
completing the structure for a 12-story cast-in-
place reinforced concrete building would take more than a year. In fact, concrete typically reaches 
more than half its specified strength after a week; at this time, formwork can be stripped and the 
next floor can be cast, even though the specified concrete strength has not yet been achieved. Con-
crete continues to get stronger for several years after the initial 28-day curing period, but this added 
strength is not considered explicitly in the design process.

Low tensile strength makes plain concrete unsuitable for most structural applications, since 
even elements subjected to compressive stresses generally need sufficient tensile strength to inhibit 
buckling. For this reason, and to extend the range of its applications to beams and slabs as well as 
columns, concrete is reinforced with steel reinforcing bars, or “rebars,” in regions of the cross section 
where tension is expected to occur.

Shrinkage

Concrete — actually cement within the concrete mix — shrinks as part of the curing process. Expan-
sion and contraction due to temperature changes can also cause differential movement between 
concrete and adjacent materials. To reduce and control cracking in slabs where this movement is 
restrained, for example by perimeter beams containing steel reinforcement, additional temperature 
and shrinkage reinforcement is added to 1-way slabs. These are slabs where the concrete spans and 
is structurally reinforced in one direction only, so that temperature and shrinkage reinforcement 
must be placed perpendicular to this spanning direction. In beams, columns, or two-way slabs, no 
temperature and shrinkage reinforcement is needed since reinforcement is already present where 
cracking might otherwise occur. 

Creep is a form of inelastic shrinkage of concrete. As opposed to elastic deformations, which are 
proportional to loads and reversible (i.e., the deformation goes away when the load is removed), 
creep is neither proportional to the load, nor is it entirely reversible. Instead, it represents an ad-
ditional, and ongoing, shrinkage of concrete under load above and beyond the chemically-induced 
curing shrinkage mentioned earlier, or the elastic deformation under load described in Equation 

Figure 5.3: Compressive stress-strain curves are shown 
for 3000, 4000, and 5000 psi (3, 4, and 5 ksi) concrete 
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1.18. For most beams and slabs, this phenomenon can be safely ignored; for multi-story buildings, 
however, the effects of creep can become important, especially when adjacent lower-story columns 
or shear walls experience different amounts of creep owing to different loading or reinforcement 
conditions. Such analysis is, however, beyond the scope of this book.

Long-term problems

In an ideal environment, the alkaline nature of concrete protects the steel reinforcing bars within 
from corrosion. In real environments, several problems may affect the durability of reinforced con-
crete structures.

Chloride-induced corrosion of reinforcing bars may occur for various reasons. The most obvious 
causal agents are de-icing salts that could get onto the surface of concrete slabs, e.g., in parking 
garages, and work their way into the concrete through cracks or pores. Remarkably, some older con-
crete has experienced this type of corrosion because of agents deliberately added to the concrete 
— either as “accelerating admixtures” to speed up the curing process or “etching agents” to remove 
cement at the surface of the concrete in order to reveal a more textured aggregate pattern.

Carbonation is a chemical process that occurs when cement reacts with “acid rain,” causing the 
concrete to lose some of its alkalinity — this reduces the protection that the concrete ordinarily pro-
vides to reinforcing steel, and could lead to corrosion where concrete surfaces are exposed to such 
environmental conditions.

Sulfate attack is to some extent mitigated by the use of appropriate cements (Types II or V). 
Otherwise, where concrete comes into contact with sulfates in ground water or from ingredients in 
the concrete mix — e.g., some types of blast furnace slab or pulverized fuel ash — not only is alkalin-
ity reduced (as in carbonation), but chemical reactions involving sulfates and concrete ingredients 
cause a volume increase that can lead to spalling of the concrete.

Alkali-silica reaction (ASR) occurs when alkalis in portland cement (or from other sources) react 
with certain aggregate in the concrete mix, forming an alkali-silica gel that expands — leading to 
cracking.

Related products

Precast concrete is reinforced concrete that is cast away from the building site, and assembled on 
site. Some (but not all) precast concrete is available in standard shapes and dimensions: floor 
and roof planks, tees and double-tees are examples. Otherwise, precast concrete may be fabri-
cated in any shape and size consistent with the laws of statics, the strength and stiffness of the 
materials, and the constraints imposed by formwork, transportation, handling, and erection.

			   Precasting may imply a loss of structural continuity if connections are made with steel inserts 
bolted or welded together to create simple supports. On the other hand, it is possible, through 
emulative detailing, to design precast systems whose behavior is identical to that of site-cast 
systems. This is done by maintaining the continuity of steel reinforcement from element to ele-
ment. Special products are available to connect rebars that have been left exposed at the ends 
of the concrete pieces; non-shrinking grouts are then used to fill in the voids and complete the 
structural connection.

			   Precast concrete is also widely used as “nonstructural” cladding in addition to being used as 
primary structure, especially in the US. The quotation marks around nonstructural hint at the 
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inadequacy of the term: in fact, all cladding is structural since it must resist wind, seismic, and 
impact loads and transfer these loads to the primary lateral-force resisting structural system of 
the building.

Autoclaved aerated concrete (AAC) has some of the ingredients characteristic of plain concrete — ce-
ment, fine aggregate, and water — but also contains aluminum powder that reacts chemically 
to release hydrogen gas. This gas creates a kind of foam out of the concrete mix, which is easily 
cut into blocks or other shapes and then hardened within a pressurized autoclave chamber. The 
resulting product is lightweight, the entrapped air makes it highly insulative, and the units can 
be stacked and mortared much like more conventional concrete unit masonry.

Shotcrete is a modified mixture of concrete or mortar that is pneumatically “shot” from a hose at 
high velocity directly onto a surface, requiring no formwork (other than the surface onto which 
it adheres) or consolidation. There are two primary variants: a wet-mix where the dry ingredi-
ents are already mixed with water, and a dry-mix, where water is combined with the dry ingre-
dients at the nozzle (sometimes called gunite).

Sectional Properties

Because cast-in-place, or site-cast, concrete is literally made at the building site, the only real con-
straint on the sizes and shapes of concrete structural elements is the willingness of architects, engi-
neers, owners, and contractors to design the structure, and assemble the formwork into which the 
concrete and reinforcement is placed. The history of reinforced concrete structures is thus filled with 
elaborate, structurally-expressive, one-of-a-kind projects in which the “plasticity” of the material is 
exploited. The costs of formwork can be significant, though, and many reinforced concrete struc-
tures are designed to minimize these costs by rationalizing the dimensions of the various concrete 
elements, in part by reusing standardized forms where possible. For these structures, the outside 
dimensions of beams, slabs and columns are often rounded up to the nearest ½ in., 1 in. or even-
numbered inch, depending on how big the element is. Slabs 6 in. thick or less are rounded up to the 
nearest ½ in.; thicker slabs are rounded up to the nearest inch. The cross-sectional dimensions of 
beams and columns are rounded up to the nearest 1 in. or even-numbered inch (see Appendix Table 
A-5.1).

Reinforcing bar (rebar) spacing in reinforced concrete beams and columns is constrained by sev-
eral factors. First, bars must be far enough apart so that aggregate in the concrete mix can pass 
freely between them — in general the largest aggregate size must be no more than 3/4 the minimum 
distance between bars. Looked at from the opposite point of view (that is, with the maximum ag-
gregate size set), the minimum space between bars must be 1⅓ times greater than the largest ag-
gregate. For 1 in. aggregate, the minimum clear bar spacing would be 1⅓ in., or approximately 1½ 
in. Additional requirements relate bar spacing to bar size: for beams, the spacing must be not less 
than the nominal bar diameter, or 1 in.; for columns, the spacing must be not less than 1½ times the 
nominal bar diameter, or 1½ in.

In the U.S., rebars were designated and marked by a number corresponding to the bar’s nominal 
diameter multiplied by eight: for example, a bar with a nominal diameter of ½ in. would be desig-
nated as a No. 4 bar (since ½ × 8 = 4). In an increasingly international marketplace, these designa-
tions have been replaced with SI (international system) units, so the old No. 4 bar is now designated 
with the number 13 (since ½ in. = 12.7 mm, or approximately 13 mm). Even so, the old U.S. system 
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of bar numbering is still used by the American 
Concrete Institute (ACI) in its structural concrete 
codes and commentaries, and will be used in 
this text. Side-by-side listings of new and old 
designations can be found in Appendix Tables 
A-5.2 and A-5.3.

For all commonly used beam reinforcing 
(No. 11 bars or smaller) and with aggregate no 
larger than 1 in., the minimum bar clear spacing 
requirement can be set at 1½ in. for beams. For 
column reinforcing of No. 8 bars or smaller (that 
is, 1 in. diameter or smaller) and with aggregate 
no larger than 1 in., the minimum spacing re-
quirement can also be set at 1½ in. for columns. 
However, for bar sizes larger than No. 8, the 
spacing requirement increases to 1½ times the 
nominal bar diameter.

The implications for minimum width or di-
ameter of reinforced concrete columns and 
beams are shown in Figure 5.4 and summarized 
below, assuming 1½ in. cover and ½ in. diam-
eter ties, stirrups, or spiral reinforcement. The 
specific function of these reinforcement types is 
explained later in this chapter (ties and spirals 
for columns; stirrups for beams).

Rectangular columns or beams

	 1.	 For beams (with bar size of No. 11 or smaller) and for columns with bar size of No. 8 or smaller, 
with two bars along the beam or column face: the minimum width (in.) = 5.5 + 2D, where D is 
the bar diameter (in.). For beams or columns with more than two bars in a line, add 11/2 in. + D 
for each additional bar.

	 2.	 For columns with bar size larger than No. 8, with two bars along the column face, the minimum 
width (in.) = 4 + 3.5D, where D is the bar diameter (in.). For columns with more than two bars 
in a line, add 2.5D for each additional bar.

Spiral columns

	 1.	 For spiral columns with six bars, No. 8 or smaller: the minimum column diameter (in.) = 7 + 3D, 
where D is the bar diameter (in.).  For columns with bar sizes larger than No. 8: the minimum 
diameter = 4 + 6D.

	 2.	 Minimum widths for rectangular beams and columns, and minimum diameters for spiral col-
umns, are given in Appendix Table A-5.3.

Figure 5.4: Minimum beam and column width (or diam-
eter) based on bar spacing: (a) for tied column or beam; 
and (b) for spiral column. The bar nominal bar diameter 
is D, the required clear distance between bars is s and, 
for an angle, θ, between longitudinal bars in a spiral 
column, the distance, A = (D + s) / [2(sin θ/2)]

(b)(a)
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Design Approaches

The so-called strength design method (originally called “ultimate strength design”) was pioneered 
by the American Concrete Institute (ACI), which adopted a methodology in 1956 that both incorpo-
rated load factors and considered the ultimate (failure) stress, rather than an allowable stress, as 
an alternate and more rational strategy for design. A working (allowable) stress design method re-
mained the dominant methodology, however, for many years. This latter method did not distinguish 
between uncertainties inherent in various load types (e.g., dead vs. live loads), and did not consider 
the actual strength of a structural element subjected to these loads. Instead, it accounted for risk us-
ing a single factor of safety based on an assumed elastic limit state. This is problematic for concrete 
on two counts: first, because the material itself does not exhibit clearly defined elastic behavior (see 
Figure 5.3) and second, because — in general and not just for concrete — the simple addition of load 
values without consideration of the probabilistic nature of their distribution within a structure is not 
entirely consistent with a risk-based approach to structural design.

By the early 1960s, strength design for reinforced concrete structures had matured to the point 
where both loads and resistances were given their own, independent sets of safety factors that 
were equivalent, at least in theory, to current versions of “Load & Resistance Factor Design” (LRFD) 
used for wood and steel. While the traditional working stress design method was, at that time, still 
the featured methodology for the design of reinforced concrete elements, strength design gradu-
ally began to displace the older method. The first incarnation of strength design did not yet have 
explicit strength reduction (resistance) factors and was presented somewhat tentatively in the 1956 
edition of ACI 318, the “Building Code Requirements for Reinforced Concrete” that is updated by ACI 
every few years. A short note referred those willing to try this new method to the appendix, which 
contained a concise description of the requirements for “ultimate strength design.” In 1963, working 
stress and strength methods achieved separate but equal status within the body of ACI 318. By 1971, 
strength design had become the featured method, with working stress design still included, but only 
as an “alternate design method.” In 1989, working stress design no longer appeared in the main text 
of ACI 318 at all, but was moved to the appendix, where it remained as an alternate method for an-
other decade: by the time ACI 318 was updated in 2002, working stress design had been consigned 
to a small note in the manual’s Commentary stating that anyone still interested in it would need to 
consult the appendix of the 1999 edition, where it had last appeared.

Remarkably, it took 30 years after strength design was first presented in the ACI Code before the 
steel industry adopted its own version, called load and resistance factor design (LRFD), in 1986. Up 
until quite recently, however, load factors differed between steel and reinforced concrete. Those ad-
opted by ACI had been calculated on the basis of “engineering judgment” rather than on more solid 
empirical studies and probabilistic research. Initial values from 1963, for example, included load 
factors of 1.5 and 1.8 for dead and live loads respectively; these were “adjusted” to 1.4 and 1.7 in 
1971, where they remained for more than 30 years. Meanwhile, dead and live load factors for steel 
structures were set at 1.2 and 1.6 respectively, values that appeared in the very first LRFD edition of 
the American Institute of Steel Construction’s (AISC) Manual of Steel Construction in 1986, and that 
have been sanctioned by the American Society of Civil Engineers (ASCE) in their Minimum Design 
Loads for Buildings and Other Structures since 1988 and by the American National Standards Insti-
tute (ANSI) in the precursor to this standard dating from 1982. Since safety factors for loads ought to 
be completely independent of particular material properties, it was something of an embarrassment 
for the concrete and steel institutes to be seen arguing in this way, and something of a relief when 
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the ACI finally reconciled their strength design load factors with those of the AISC and ASCE in the 
2002 edition of ACI 318. In order to maintain a comparable level of safety with these newly reduced, 
and therefore less conservative, load factors, ACI 318-02 also adjusted its strength reduction factors 
— i.e., made them more conservative.

While LRFD, even today, is not universally used for steel design — and certainly not for wood 
design — strength design has almost completely superseded older working stress methods used 
to design reinforced concrete elements and is therefore the design method that will be considered 
exclusively in this chapter.

Construction Systems

Reinforced concrete buildings are built twice: first as an “inverse” building in which the desired con-
tent is made void and the space around this content is actually constructed; and then again as the 
real, intended structure consisting of concrete reinforced with deformed steel rods. Of course, the 
first building is not really a building at all, but rather the formwork in which the reinforced concrete 
building is cast. Still, the construction of extensive formwork as the inverse condition of the intended 
concrete structure has significant ramifications, not only in terms of structural costs but also in terms 
of formal constraints that are imposed on the concrete design by the necessity of first constructing 
the inverse forms from some other material.

Formwork

Historically, lumber was the primary material used to create forms into which concrete is placed, or 
cast. Now, other materials are also used, especially metal (reusable) forms and plywood (rather than 
boards), but also plastics and fiberglass. Formwork must be structurally able to withstand the lateral 
pressure of the “wet” concrete before it cures (hardens). Metal formwork ties are often provided 
for this purpose, leaving small circular marks in the surface of the concrete that may be organized 
and detailed for aesthetic purposes in so-called “architectural” concrete (i.e., concrete where the 
architect and client care about the surface qualities as in Figure 5.5a), or simply filled with grout in 
more utilitarian applications (or where the sloppiness of the finish is actually consistent with the aes-
thetic intentions as in Figure 5.5b). These ties can be configured so that they simultaneously support 

Figure 5.5: The pattern of formwork tie holes (a) can be considered as part of the architectural expression, as in the 
Johnson Museum, designed by I.M. Pei & Partners, or (b) can be filled solid in a utilitarian manner as in this stair adja-
cent to Gates Hall, designed by Morphosis Architects (photos at Cornell University by the author, Sept. 2014)

(a) (b)

Typical formwork 
tie hole
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reinforcing bars, which are placed in the forms before the concrete is cast (Figure 5.6). Traditional 
formwork structures consist of ordinary dimension lumber arrayed in a gridded pattern of soldiers 
(vertical elements) and wailers (horizontal elements) that support two wooden surfaces (boards or 
plywood) between which a concrete wall is cast (Figure 5.7). Reusable metal forms are also com-
monly employed (Figure 5.8) and, in applications where concrete walls need to be insulated in any 
case, insulating concrete forms (ICFs) — consisting only of rigid insulation held together with metal 
ribs instead of formwork ties — can be used instead of wood- or metal-based systems of formwork 
(Figure 5.9). In such systems, the insulation-as-formwork remains in place permanently. 

When reinforced concrete elements are exposed, the surface quality of the concrete may be 

Figure 5.6: Formwork ties are inserted through the formwork to keep the two form surfaces aligned properly, to keep 
them from deforming due to the lateral pressure exerted by the concrete before it has cured, and to support reinforc-
ing bars; these ties are shown (a) from the side and (b) from the top of a form before the concrete has been placed 
(all images screen-captured from the Construction of Milstein Hall Part 2 Substructure video by the author at https://
jonochshorn.com/scholarship/videos/milstein/)

(b)(a)

Figure 5.7: Typical formwork for reinforced concrete wall consists of soldiers and wailers supporting plywood surfaces, 
with formwork ties providing resistance to lateral pressure of the “wet” concrete 

Concrete

Soldiers

Plywood

Wailers

Formwork tie
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problematic, since it is the cement — the least visually interesting component of the concrete — 
that rises to the surface. Many compensatory strategies have been employed to turn concrete into 
something more visually compelling. To remove the mottled gray surface of cement and expose 
aggregate, the surface can be sandblasted or acid etched; or the materials comprising the formwork 
itself can be carefully chosen to impart on the cement a mirror image of whatever the forms were 
made from — examples include the carefully spaced wooden boards shown in Figure 5.5a, or a 
rougher, “brutalist” aesthetic deriving from the use of construction-grade lumber, plywood, or even 
metal forms. Alternatively, form liners can be inserted into formwork to impart a texture or pattern 
onto the concrete that is independent of the formwork material itself (Figure 5.10). 

Figure 5.8: Reusable metal forms, these based on a 2-foot module, are assembled for a residential foundation wall 
(photos by the author)

Figure 5.9: Insulating concrete forms (ICFs) consist of 
rigid insulation tied together with metal ribs (photo by 
the author)

Figure 5.10: Form liner is peeled away to reveal ribbed 
concrete surface, Milstein Hall, Cornell University, de-
signed by Rem Koolhaas-OMA (from the Construction of 
Milstein Hall Part 2 Substructure video by the author at 
https://jonochshorn.com/scholarship/videos/milstein/)
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Conveying and placing concrete

Concrete is moved from mixer to formwork by various means, including wheelbarrows, buckets, 
pumping, or mere gravity (Figures 5.11 and 5.12). A danger in such movement is segregation, where 
heavier aggregate settles and water rises. Concrete is placed or cast rather than poured, although 
the latter term has insinuated itself into common construction vocabularies, and cannot be entirely 
avoided. In any case, try to say “cast-in-place” instead of “poured-in-place.” To make sure that con-
crete has reached all parts of the formwork, it is often vibrated with special tools (yes, vibrators 
are used — see Figure 5.13). This prevents honeycombing (where voids appear after the formwork 
is removed). Concrete should be protected from moisture loss (evaporation) for at least 7 days, by 
sprinkling water on its surface, or by covering it with sheets such as polyethylene.

Figure 5.11: Concrete can be placed in many ways including (a) by wheel barrow, (b) using pumps, and (c) down a 
chute directly from the ready mix truck (photo a by author; other images b and c screen-captured from construction 
video by the author — see https://jonochshorn.com/scholarship/videos/milstein/)

(a) (b) (c)

Figure 5.12: Concrete for a slab is pumped 
from a remote vehicle

Figure 5.13: A vibrator is inserted into con-
crete from the top of the formwork 
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Frames and slabs

Reinforced concrete can be cast into an infinite variety of shapes, subject only to the laws of statics 
and the difficulty (expense) of creating the forms into which the concrete is cast. At one extreme 
can be found reinforced concrete structures whose forms are entirely unique, idiosyncratic, and ex-
pressive; at the other extreme are concrete structures made entirely from rationalized and reusable 
forms organized to produce buildings with relatively simple and repetitive geometries. In the latter 
category are framed structures consisting of columns and slabs, either with or without the hierarchi-
cally intermediate girders and beams characteristic of wood and steel structures. Reinforced con-
crete girders are never really omitted in such systems, but they can be subsumed within the thick-
ness of floor or roof slabs so that the structure appears to consist only of a slab resting directly on 
columns. Figure 5.14 shows common structural slab systems for reinforced concrete-framed struc-
tures. Examples of one-way slab systems and grid (waffle) slab systems can be seen in Figure 5.15. 
Procedures for the design of reinforced concrete columns, one-way slabs, beams, and girders will be 
discussed later in this chapter.

Figure 5.14: Reinforced concrete slabs take many forms including (a) 1-way slabs spanning between beams supported 
by girders, (b) 2-way flat plates in which all beams or girders are subsumed within the slab thickness, (c) 2-way flat 
slabs with articulated drop panels and/or column capitals to improve resistance to punching shear, and (d) 2-way grid 
(waffle) slabs created with reusable formwork with a pre-determined module (arrows indicate the direction of slab 
reinforcement)

(a) (b) (c) (d)

Figure 5.15: (a) One-way slabs span directly between reinforced concrete girders supported on square columns, Teagle 
Hall, Cornell University, photo by the author; (b) two-way grid slabs are supported on cantilevered girders, Robert Pur-
cell Community Center, Cornell University, photo by the author

(a) (b)
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Tension Elements

Concrete, having very little tensile stress, is ordinarily not used for tension elements.  Where it is 
used, its strength in tension can be taken as approximately 10% of its compressive strength, or 
0.1fc'. The cylinder strength of concrete, fc', is the ultimate (highest) compressive stress reached by a 
4 in. × 8 in. or 6 in. × 12 in. cylinder of concrete after 28 days of curing. Reinforced concrete, consist-
ing of steel bars imbedded within a concrete element, would not normally be a good choice for a 
pure tension element, since the steel reinforcement would be doing all the work. In this case, one 
might wonder what would justify the added expense of casting concrete around the steel. In fact, 
two justifications are possible: first, in a reinforced concrete building consisting largely of compres-
sive and bending elements, the use of reinforced concrete for occasional tension elements would 
allow a similar mode of expression and of detailing throughout the building; second, where the steel 
in tension requires fireproofing, the use of reinforced concrete in tension (where the concrete cover 
provides the fireproofing) might prove advantageous, compared to other solutions.

Columns

Concrete columns are cast into forms containing a matrix of steel reinforcement. This reinforcement 
is distributed just inside the perimeter of the forms in a pattern designed to confine the concrete, 
much like sand would be confined when placed into a steel drum. In both cases (sand in a steel 
drum; concrete in a steel “cage”), the ability of the material to sustain an axial compressive stress is 
enormously increased by the presence of the confining steel, whether or not the steel contributes 
directly to the support of the external load.

Ties and spirals

Two patterns of steel reinforcement are commonly used for columns: a series of square or rectan-
gular ties (Figure 5.16a) placed horizontally around a minimum of four longitudinal steel bars; or a 

Figure 5.16: Containment of longitudinal bars using (a) ties; and (b) spiral reinforcement
(a) (b)
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continuous circular spiral wire (Figure 5.16b) wrapped around a minimum of six longitudinal bars. 
Tied columns are usually rectangular and spiral columns are usually circular, but either pattern of 
reinforcement can be used for any column cross section. In general, spiral reinforcement provides 
more reliable confinement of the concrete, and a more ductile type of failure than tied columns; 
strength reduction factors for spiral versus tied columns take this relative safety into account. The 
actual design of ties and spirals is based on fairly straight-forward guidelines, summarized in Appen-
dix Table A-5.4. The design and analysis examples that follow do not include the calculation of tie or 
spiral spacing and size.

Design of concrete and longitudinal steel

The amount of longitudinal steel in reinforced concrete columns, measured according to the ratio of 
steel area to gross column area (reinforcement ratio), must fall between two limiting values. The 
lower limit of 1% provides a minimum amount of steel to protect against tension failures due to un-
anticipated bending moments; the upper limit of 8% prevents overcrowding of steel bars within the 
concrete formwork. Because longitudinal column reinforcement is typically spliced — and therefore 
doubled in area — where an upper column is cast above a lower column (see Figure 5.53), it is com-
mon to limit the maximum reinforcement ratio to 4%.  The reinforcement ratio is defined as:

							       				     	
						      	 	
where ρg = the reinforcement ratio of longitudinal steel area to gross area; As = the cross-sectional 
area of longitudinal reinforcement; and Ag = the gross cross-sectional area of the concrete column, 
whether the column is rectangular or circular in section. It is also possible that for columns of a 
given cross-sectional area with relatively small loads, even the minimum steel area (1% of the gross 
column area) might be greater than required to resist the load. In such cases, it is permitted to com-
pute the required and minimum steel area on the basis of the portion of the concrete area that is 
required, rather than the entire concrete area actually provided—as long as this “required” area is 
no less than one half of the actual area. In other words, for such columns with relatively small loads, 
the reinforcement ratio, computed on the basis of the actual area, can be as low as 0.5%, but only 
when the applied loads can be resisted using only half the concrete area.

It is assumed in this chapter that reinforced concrete column stability is not a factor in the col-
umn’s strength; that is, the column is not slender enough for buckling to be a problem. As a general 
rule of thumb, concrete columns braced against lateral misalignment (“sidesway”), with a slender-
ness ratio, KL/r, no greater than 40, are rarely influenced by stability considerations. Taking the ra-
dius of gyration of a rectangular column as approximately equal to 0.3 times the smaller cross-sec-
tional column dimension, h (that is, assuming r = 0.3h), and taking the effective length coefficient, K 
= 1.0, we get KL/r = 1.0L/ (0.3h) ≤ 40. Solving for the ratio of unbraced length, L, to minimum cross-
sectional dimension, h, we find that slenderness effects may typically be neglected in axially-loaded 
reinforced concrete columns when L/h ≤ 12. For slender concrete columns, other techniques must 
be used to account for the possibility of buckling.

For columns, at least 1½ in. of concrete is left outside the matrix of reinforcement to protect it 
from corrosion and to provide fire resistance (2 in. for No. 6 or larger bars if the concrete is exposed 
to the weather, or the earth; 3 in. for all bars if the concrete is cast directly against the earth — see 
Appendix Table A-5.1). For typical reinforcement sizes, the distance from the outside of the concrete 

(5.1)ρg =
As

Ag
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column to the centerline of the longitudinal re-
inforcement can be taken as about 2½ in. or 3 in. 
(Figure 5.17).

For a reinforced concrete column subjected 
to pure axial compression, the ultimate load at 
failure is simply the concrete strength (failure 
stress) times its area, plus the yield stress of the 
longitudinal steel rebars times their area (Figure 
5.18). The failure strength of concrete is taken 
as 85% of its cylinder strength, fc', since the more 
rapid rate of loading of the test cylinders (Figure 
5.19, curve a), compared to loading of actual 
structural columns (Figure 5.19, curve b), results 
in a higher measured strength than can be ex-
pected for real structures. The strain at which 
steel longitudinal reinforcement bars yield de-
pends on their yield stress. For grade 60 rebars 
( fy  = 60 ksi), the yield strain (stress divided by 
modulus of elasticity) is 60/29,000 = 0.002. For 
grade 40 ( fy  = 40 ksi), the yield strain is 
40/29,000 = 0.001. In either case, the failure 
stress of the steel can be taken as its yield stress, 
fy , since yielding would have already occurred 
when the concrete reaches its crushing strain 
(precipitating column failure) of about 0.003. 
Combining the failure stresses for concrete and 
steel, we get an ultimate failure load for an axi-
ally-loaded column of:

	 Pn = 0.85fc' (Ac) + fy As			 
					   
where As is the longitudinal steel area, and Ac is 
the net area of concrete, that is, the gross cross-
sectional area minus the steel area.

There are two strength reduction safety fac-
tors for axially-loaded reinforced concrete col-
umns: ϕ is the ordinary factor, while α accounts 
for the possibility of non-axial loading. Both fac-
tors depend on whether the column is tied or 
spiral (see Appendix Table A-5.5). Combining 
these strength reduction factors with factored 
loads (typically 1.2D + 1.6L where live and dead 
load govern, per Appendix Table A-2.7a), we get 
equations for the design and analysis of axially-
loaded reinforced concrete columns. An example 

(5.2)

Figure 5.17: Detail of reinforced concrete element show-
ing approximate distance from centerline of rebar to 
outside face of concrete

Approximately 2½ in. or 3 in. from face of 
concrete to centerline of reinforcement

1½ in. cover

1½ in. cover

Figure 5.18: Nominal stresses at failure of axially loaded 
reinforced concrete column
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Figure 5.19: Stress-strain diagrams for plain concrete 
showing (a) fast loading characteristic of test cylinders; 
and (b) slow loading characteristic of actual structures

0.85fc'

St
re

ss

Strain

(a) (b)

0 0.001 0.002 0.003

fc'



279Reinforced Concrete

of such an equation for dead load (D) and live load (L) only, where Pu is the factored or “design” load, 
is:

				    Pu = 1.2D + 1.6L ≤ ϕα(0.85fc' Ac + fy As)				 
	
Example 5.1 Analyze axially-loaded reinforced concrete column

Problem definition. Assuming fc'  = 4 ksi and fy  = 60 ksi, find the nominal failure capacity of a 10 in. × 10 
in. axially-loaded tied rectangular column with 4 No. 9 bars, as shown in Figure 5.20. Can this column 
support a live load of 100 kips and a dead load of 100 kips?

Solution overview. Find concrete and steel areas; multiply by failure stresses for concrete and steel 
and add together for ultimate capacity. Multiply ultimate capacity by strength reduction factors and 
compare with factored loads to determine whether capacity is adequate for given loads.

Problem solution
	 1.	 From Appendix Table A-5.2, the steel area 

for 4 No. 9 bars, As = 4.00 in2.
	 2.	 The concrete area, Ac = Ag – As = 

10 × 10 – 4.00 = 96 in2.
	 3.	 From Equation 5.2, the nominal capac-

ity or failure load, Pn = 0.85fc'Ac + fyAs = 
0.85(4)(96) + 60(4.00) = 566.4 kips.

	 4.	 From Appendix Table A-5.2, strength re-
duction factors for a tied column are: ϕ = 
0.65 and α = 0.80.

	 5.	 Based on Equation 5.3, check whether 
Pu = 1.2D + 1.6L ≤ ϕα(Pn). We get: Pu = 
1.2D + 1.6L = 1.2(100) + 1.6(100) = 280 kips; 
and ϕα(Pn) = (0.65)(0.80)(566.4) = 294.5 
kips. Therefore, since Pu ≤ ϕα(Pn), the ca-
pacity is adequate and the column is OK.

	 6.	 In this example, all column parameters 
were given. However, we can still check 
that the column has an acceptable rein-
forcement ratio and that the bars fit within 
the cross section. Using Equation 5.1, we 
check that the reinforcement ratio is be-
tween 1% and 8% (that is, between 0.01 
and 0.08): ρg = As /Ag = 4.00/100 = 0.040, 
so the reinforcement ratio is OK. Using Ap-
pendix Table A-5.3, we find that, for 2 No.9 
bars in one line, we need 7.94 in. Since we 
actually have 10 in., the bars fit.

(5.3)

Figure 5.20: Column cross-section for Example 5.1

10
"

10"

4 No. 9 bars
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Example 5.2 Design axially-loaded reinforced concrete column with cross-sectional dimensions 
assumed

Problem definition. Assuming fc'  = 3 ksi and fy  = 60 ksi, find the required steel area for an axially-
loaded 12-in.-square tied reinforced concrete column supporting a dead load (D) of 150 kips and a 
live load (L) of 100 kips. Select bar size.

Solution overview. Use Equation 5.3 relating reduced strength to factored loads and solve for steel 
area. The area of concrete within the column cross section is found by subtracting the steel area 
from the gross cross-sectional dimensions; that is, Ac = Ag – As. Check reinforcement ratio limits and 
bar fit.

Problem solution
	 1.	 From Equation 5.3: Pu = 1.2D + 1.6L ≤ ϕα(0.85fc' Ac + fy As). Finding strength reduction factors, ϕ 

and α, from Table A-5.5, we get:

		  1.2(150) + 1.6(100) ≤ (.65)(.80)[0.85(3)(144 – As) + 60As].
		  340 ≤ (0.52)[367.2 – 2.55As + 60As].
		  653.85 ≤ 367.2 + 57.45As.
		  57.45As ≥ 286.65.
		  As ≥ 4.99 in2. This is the required steel area for longitudinal bars.
	 2.	 From Appendix Table A-5.2, choose 4 No. 10 bars with actual As = 5.08 in2. For symmetry, the 

number of bars is limited to 4, 6, 8, and so on.
	 3.	 Using Equation 5.1, check that the reinforcement ratio is between 1% and 8% (that is, between 

0.01 and 0.08): ρg = As /Ag = 5.08/144 = 0.035, so the reinforcement ratio is OK. Using Appendix 
Table A-5.3, we find that for two No. 10 bars in one line, we need 8.38 in. Since we actually have 
12 in., the bars fit.

Example 5.3 Design axially-loaded reinforced concrete column with reinforcement ratio as-
sumed

Problem definition. Assuming fc' = 5 ksi and fy = 60 ksi, select a diameter and find the required steel 
area for an axially-loaded spirally-reinforced circular reinforced concrete column supporting a dead 
load (D) of 150 kips and a live load (L) of 125 kips. Select bar size. Check reinforcement ratio and bar 
fit.

Solution overview. Use Equation 5.3 relating reduced strength to factored loads and solve for gross 
area.  With the reinforcement ratio, ρg, assumed, the area of concrete within the column cross sec-
tion, Ac = (1.00 – ρg)Ag and the steel area, As = ρg Ag. Find the required gross area, select column di-
mensions (in this case, the column diameter), and proceed as in Example 5.2 with gross area known. 
Check reinforcement ratio limits and bar fit.
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Problem solution
	 1.	 From Equation 5.3: Pu = 1.2D + 1.6L ≤ ϕα(0.85fc'Ac + fy As). Since Ac = (1.00 – ρg)Ag and the steel 

area, As = ρg Ag, we get:

				    Pu = 1.2D + 1.6L ≤ ϕα[0.85fc' (1.00 – ρg)Ag  + fy ρg Ag]

		  The choice of a reinforcement ratio is somewhat arbitrary; we select ρg  = 0.04; then, with 
strength reduction factors, ϕ and α, found from Appendix Table A-5.5, we get:

		  1.2(150) + 1.6(125) ≤ (.75)(.85)[0.85(5)(1.00 – 0.04)Ag + 60(0.04)Ag].
		  380 ≤ (0.6375)[4.08Ag + 2.40Ag].
		  596.1 ≤ 6.48Ag.
		
		  Ag ≥ 91.99 in2; since Ag = π r2, the required radius for the concrete column, r = √91.11/π  = 

5.41 in. Therefore, the required diameter, d = 2r = 2(5.41) = 10.8 in.
		  The actual diameter that we select may be either bigger or smaller than this “required” diam-

eter, since it was computed on the basis of a desired reinforcement ratio, which need not be 
— and cannot be — matched precisely in practice (since the actual bar area selected typically 
exceeds the required area, and since the actual diameter of the column is rounded to the near-
est inch or “even” inch. We therefore select a column diameter close to the required value, say 
10 in., and proceed as in Example 5.2, with the gross column area given.

	 2.	 From Equation 5.3: Pu = 1.2D + 1.6L ≤ ϕα(0.85fc' Ac + fy As). The strength reduction factors, ϕ and 
α, from Appendix Table A-5.5, have already been found, the gross area of a circular column with 
a 10 in. diameter is π r2 = π 52 =  78.54 in2, and we get:

		  1.2(150) + 1.6(125) ≤ (.75)(.85)[0.85(5)(78.54 – As) + 60As].
		  380 ≤ (0.6375)[333.8 – 4.25As + 60As].
		  596.1 ≤ 333.8 + 55.75As.
		  55.75As ≥ 262.3.
		  As ≥ 4.71 in2. This is the required steel area for longitudinal bars.
	 3.	 From Appendix Table A-5.2, choose 6 No. 8 bars with actual As = 4.74 in2. For spiral columns, the 

number of bars must be at least 6.
	 4.	 Using Equation 5.1, check that the reinforcement ratio is between 1% and 8% (that is, between 

0.01 and 0.08): ρg = As /Ag = 4.74/78.54 = 0.060, so the reinforcement ratio is OK. Using Appendix 
Table A-5.3, we find that for 6 No.8 bars in the column, we need a 10.00 in. diameter. Since we 
actually have a 10 in. diameter, the bars fit.

The actual reinforcement ratio, ρg = 0.060, is much higher than our initial assumed value of ρg = 0.04. 
Had we selected a 12 in. diameter column instead of a 10 in. diameter column at the end of step 1, 
the actual steel ratio would have been much lower than 0.04. In other words, the practical require-
ment to use whole even numbers for column diameter, together with the need to select bar areas 
corresponding to actual rebar sizes, often makes it difficult to precisely define the reinforcement 
ratio in advance. This method does, however, lead to a reasonable size for the column in cases where 
a range of reasonable sizes is not initially known.
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Beams and Slabs

Concrete beams are reinforced with steel rods (reinforcing bars) in order to resist internal tension 
forces within the cross section. Unlike wood and steel, which can withstand substantial tension 
stress, concrete may be safely stressed only in compression. The pattern of steel reinforcement thus 
corresponds to the pattern of positive and negative bending moments within the beam: in regions 
of positive bending, steel is placed at the bottom of the cross section; in regions of negative bending, 
steel is placed at the top (Figure 5.21). Like concrete columns, 2½ in. to 3 in. of cover, measured from 
the outside face of the beam to the centerline of the reinforcing steel, is used to protect the steel 
from corrosion, provide fire resistance, and insure adequate bond between the steel and concrete 
(see Figure 5.17).

The strength, or capacity, of a reinforced concrete beam can be determined by considering the 
equilibrium of tensile and compressive forces at any cross section. Failure of the beam occurs either 
with crushing of the concrete within the compression region; or yielding of the tension steel, fol-
lowed by compressive crushing of the concrete. Since tension yielding is the required mode of fail-
ure — compressive crushing of the concrete would be sudden and catastrophic, whereas yielding of 
the steel provides warning signs of collapse — concrete beams are deliberately under-reinforced to 
guarantee that, in the case of failure, the steel reinforcing bars begin to yield before the concrete in 
the compressive zone crushes.

At the point of failure, the stresses in a reinforced concrete cross section are as shown in Figure 
5.22. The curved distribution of stresses within the compressive zone (above the neutral axis for 
“positive” bending) corresponds to the nonlinear stress-strain curves characteristic of plain con-
crete, with a value of 0.85fc'  taken for the strength of concrete corresponding to its behavior in an 
actual structure (Figure 5.19, curve b). Testing of many reinforced concrete beams has shown that 

Figure 5.21: Relationship of bending moment and position of tension steel reinforcement with (a) simply-supported 
single-span beam and (b) multi-span beam
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Figure 5.22: Strain and stress diagrams for tension-reinforced concrete beam at point of failure
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the average stress within the compressive zone is 0.85β1 fc' , and the resultant location is β1 c/2 from 
the face of the concrete beam, as shown in Figure 5.23a.  The coefficient β1  ranges from 0.85 for 
fc'  ≤ 4000 psi, to 0.65 for fc'  ≥ 8000 psi (Figure 5.24). Thus, for a cross section of width, b, the total 
compressive force, C, is

						      C = 0.85β1 fc' bc						    
		
Since the steel yields before the concrete crushes (assuming that the beam has been designed to be 
under-reinforced), the steel stress is fy and the total tensile force, T, is:

														            
	      					     T = As fy								     
	
where As is the steel area. (As the steel is now used in the context of concrete design, the designation 
for its yield stress changes from Fy to fy.)

Alternatively, a different, but equivalent, rectangular stress distribution can be used in place of 
the actual nonlinear distribution, as shown in Figure 5.23b. In this version, first formulated by C. S. 
Whitney and known as the “Whitney stress block,” the dimensions of the rectangle are adjusted so 
as to be consistent with the empirically-determined resultant location. The definition of β1  remains 
the same, as does the total compressive force, C.

Referring to the Whitney stress block diagram in Figure 5.23b, we can write equations of hori-
zontal and moment equilibrium to determine the section’s capacity. From horizontal equilibrium, 

(5.4)

(5.5)

Figure 5.23: Comparison of (a) actual stresses in reinforced concrete beam with (b) equivalent rectangular (“Whitney”) 
stress block

Figure 5.24: Relationship of coefficient β1 to concrete cylinder strength, fc'
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the resultants of the compressive and tensile stresses must be equal in magnitude; that is: T = C, or:

						      As fy = 0.85fc' ab						    
	
Solving for the stress block depth, a, we get:

						      a = 							     

From moment equilibrium, the resisting moment within the cross section must equal the force T (or 
C) times the moment arm between T and C. This moment arm equals d – a/2, so we can write the 
moment at failure, Mn  = T (moment arm); or:

						      Mn = As fy (d – a/2)						    
	
Substituting the expression for a from Equation 5.7, we get:

					     Mn = As fy

We define a steel ratio, ρ = As /(bd), so that
														            

						      As  = ρbd						    
	
Then, substituting this expression for As  into Equation (5.9), we get:

					     Mn = ρfy bd2[1 - 0.59ρfy /fc' ]				  

This moment represents the nominal strength of the cross section when it fails. In the strength 
design method used for the design of reinforced concrete elements, we reduce this moment by a 
strength reduction factor, ϕ, so that the useful capacity of the section becomes:

			    		  ϕMn = ϕbd 2R or Mu ≤ ϕbd 2R 						   
	
where

    ϕ	= capacity reduction factor, 0.9 for bending
  Mn	= the nominal strength of the cross section (in-kips)
  Mu	= the “design moment” based on factored loads (in-kips)
    b	= the width of the cross section (in.)
    d	= the effective depth of the cross section measured to the centerline of the steel reinforce-

ment (in.)

R is “assembled” from terms in Equation 5.11 and defined in Equation 5.13, as follows:

					     R = ρfy (1 – 0.5882ρfy /fc' )					   

(5.6)

0.85fc' b
As fy

(5.7)

(5.8)

As fy

(2)(0.85) fc' b
d – (5.9)

(5.10)

(5.11)

(5.12)

(5.13)
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where
    fy	= the yield stress of the steel reinforcement (we will use 60 ksi in all examples)
   fc' 	= the compressive cylinder strength of the concrete (ksi)
    ρ	 = the steel ratio, As /(bd)

For given values of fy and fc' , the relationship between R and ρ can be computed from Equation 5.13. 
Appendix Table A-5.9 gives typical values of R and ρ for fy = 60 ksi, and fc'  ranging from 3000 psi to 
5000 psi. Requirements for reinforcing bar cover and typical overall dimensions are the same as for 
reinforced concrete columns (see Table A-5.1).

Example 5.4 Analyze reinforced concrete beam

Problem definition. Check the capacity of the reinforced concrete cross section shown in Figure 5.25. 
Can it be safely used for the “service” (that is, unfactored) live load shown in Figure 5.25? Assume 
that the dead load, D, equals only the weight of the beam (assume 150 pcf for reinforced concrete, 
neglecting  any other dead load); fy = 60 ksi; and  fc'  = 3000 psi. Reinforcing steel areas are listed in 
Appendix Table A-5.2; for minimum beam widths consistent with the number of bars selected, see 
Appendix Table A-5.3.

Solution overview. Find factored loads and maximum moment; compute bending capacity.

Problem solution
	 1.	 From Appendix Table 2.7, the typical fac-

tored load combination for a floor beam is 
1.2D + 1.6L. The factored dead load consists 
of 1.2 times the beam weight, and is ex-
pressed in weight per linear foot of beam: 
D = 1.2(150)(12/12)(28/12) = 420 lb/ft = 0.42 
kips/ft. The factored live load, L = 1.6(20) = 
32 kips.

	 2.	 Create load and moment diagrams as 
shown in Figure 5.26 to determine critical 

14' 14'

12"
25

”
3”

4 No. 8 bars

20 kips (service live load)

(a) (b)

Figure 5.25: Reinforced concrete beam showing (a) 
loading diagram; and (b) cross section through beam for 
Example 5.4

a

5.88 kips

Mu

ΣMc = 21.88(14) – 6.88(7) – Mu = 0

bc

32 kips

Mu = 3098 in-kips

14'14’

0.42 kips/ft

21.88 kips 21.88 kips
a c

0.42 kips/ft

14'

Mu = 258.2 ft-kips = 3098 in-kips

(a) (b)

Figure 5.26: To find maximum moment for Example 5.4, draw (a) loading and moment diagram; or (b) free-body dia-
gram cut at midpoint with equation of moment equilibrium
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(i.e., maximum) bending moment. One can find the maximum moment for the concentrated 
and distributed loads separately, and then add them together (since they both occur at the 
beam’s midpoint); or, as is shown in Figure 5.26b, the maximum moment may be computed di-
rectly by applying the equation of moment equilibrium to a free-body diagram cut at midspan.

	 3.	 Compute (bending) capacity of beam:
			   From Appendix Table A-5.5, ϕ = 0.9 for bending.
			   From Appendix Table A-5.2, the area of four No. 8 bars is As = 3.16 in2. 
			   The steel ratio, ρ = As /(bd) = 3.16/(12 × 25) = 0.0105.
			   From Appendix Table A-5.9 or from Equation 5.13, R = 0.552 ksi (this is obtained directly from 

Equation 5.13; when using Appendix Table A-5.9, interpolate between values for ρ, or, conser-
vatively, use the closest but smaller value of ρ to find R).

			   From Equation 5.12, ϕMn = ϕbd2R = 0.9(12)(252)(0.552) = 3726 in-kips
	 4.	 Check actual design moment: since the actual design moment = 3098 in-kips ≤  ϕMn = 3726 in-

kips (the available moment capacity of the beam), the section is OK for bending.

Continuous beams and T-beams

For simply-supported, determinate beams, no special guidelines are required for the calculation 
of shear and moment. In reality, though, reinforced concrete beams are rarely simply supported. 
Instead, concrete floor and roof structures are most often cast monolithically, and designed as inde-
terminate, continuous structures. As an aid in computing the maximum negative and positive bend-
ing moments characteristic of such structures (e.g., see Figure 1.61), approximate “moment values” 
have been tabulated for various support conditions. These can be used for uniformly-loaded floor 
structures with at least two more-or-less equal spans (differing in length by no more than 20%), as 
long as the dead load is greater or equal to one third of the live load (Appendix Table A-5.7).

Where slabs are cast monolithically with beams, as is most often the case (the use of precast ele-
ments being the most common exception), the beam thickness is measured to the top of the slab, 
as shown in Figure 5.27a. Where negative moments are being computed, corresponding to tension 
at the top, the beam width is not influenced by the presence of the slab (which is entirely in tension) 
and the capacity of the cross section is equivalent to that of a “pure” rectangular shape, as shown 
in Figure 5.27b. With positive bending, however, the compression zone is not limited by the web or 
stem of the beam, but extends out into the slab, as shown in Figure 5.27c. The effective width, b,  of 
such a T-beam is considered to be the smaller of the following:

Figure 5.27: The total thickness of a T-beam (a) extends into the slab; such beams subjected to negative bending 
(b) can be designed as ordinary rectangular beams, while positive-moment T-beams (c) have a greater compressive 
“flange” width

Beam thickness, h
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			   b = web width + 1/4 beam span; or
			   b = centerline distance between beams; or
			   b = web width + 16 times slab thickness.						    

				  
Positive moments can thus be resisted with a much greater effective cross-sectional width than can 
negative moments, by taking advantage of the concrete already present within the slab. As long as 
the entire compression zone (or the equivalent stress block depth, a) is within the slab, the design of 
such a “T-beam” is quite similar to the design of a rectangular beam of width, b. Whether the com-
pressive stress block is, in fact, within the slab can be checked by computing the stress block depth, 
a (from Equation 5.7), substituting ρ = As /(bd), and comparing a to the slab thickness, as follows:

For a ≤ slab thickness, the effective beam width, b, can be used. Otherwise, the design of T-beams 
is somewhat more complex, since the compression zone extends into the web (Figure 5.28). The 
design of such beams is not considered in this text.

Where both positive and negative moments occur over the span of a beam, it is most common 
to first design the beam for negative moment (where only the beam web width is available to resist 
compression stresses), thereby establishing the cross-sectional dimensions for the entire span. The 
beam is then designed for positive moment as a T-beam with all cross-sectional dimensions given. 
Proceeding from the opposite direction, that is, positive moment first, would lead to a much smaller 
effective depth (since the T-beam is designed with a much larger effective width, b), which in turn 
could result in an inordinately high steel ratio within the regions of negative moment.

The question of whether a T-beam can be designed as a simple rectangular beam with effective 
width, b, is influenced to a considerable extent by the reinforcement ratio, ρ. Equation 5.15 for stress 
block depth shows that, for given values of fy and fc' , the ratio of effective beam depth to stress block 
depth is inversely proportional to the steel ratio, ρ. That is, dividing both sides of Equation 5.15 by 
d, we get:

For the very low steel ratios characteristic of 
real-world positive moment T-beam design, the 
stress block remains within the slab thickness 
for all but the most extreme proportions. For 
example, using the steel ratio ρ = 0.000769 that 
we will encounter later in Example 5.7, with fy  = 
60 ksi and fc’  = 5 ksi, the ratio d/a (from Equa-
tion 5.16) would be 92. In other words, with an 
effective depth, d = 21 in, the depth of the stress 
block, a, would be 21/92, or slightly less than 
¼ in. Clearly, this is well within any reasonable 
slab thickness—which in this example happens 

(5.14)
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Figure 5.28: The compressive zone in a positive-moment 
T-beam rarely extends into the “web” of the beam
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to be 6 in.—so that the assumption that T-beams can be designed as simple rectangular beams is 
confirmed.

Minimum and maximum steel ratios for under-reinforced beams

To create under-reinforced beams, where yielding of the tension steel precedes crushing of the con-
crete in the event of failure, current code guidelines stipulate that the strain in the reinforcing steel 
be no less than 0.005. This results in so-called tension-controlled members, allowing a simple and 
uniform strength reduction factor, ϕ = 0.9. A tension-controlled steel strain of 0.005 is far greater 
than 0.002, the strain at which 60 ksi steel yields — a number found by dividing this yield stress (60 
ksi) by the modulus of elasticity (29,000 ksi) — thus providing a safety factor guaranteeing that the 
steel has already yielded when the concrete begins to crush. 

The maximum steel ratio (ρmax), derived from the lowest permissible steel strain of 0.005, sets 
an upper limit for the amount of steel in a reinforced concrete beam where failure, should it occur, 
is initiated by yielding of the tensile reinforcement. By comparing the stress and strain diagrams 
for this condition (Figure 5.29), ρmax  (the steel ratio corresponding to a steel strain of 0.005) can be 
found:

1. Equating similar triangles from the strain diagram in Figure 5.29, we get c/0.003 = d/0.008 
from which c = 0.375d.

2. Substituting  c = a/β1  into the equation above and solving for a, we get a = 0.375 β1 d.
3. From horizontal equilibrium, As fy  = (ab)0.85fc’ .
4. Substituting a = 0.375 β1 d into the equation above and solving for the steel ratio, we get 

As /bd = ρmax = 0.31875β1 (fc’ /fy ).
With β1  = 0.85 for 3000 psi or 4000 psi concrete, and β1  = 0.8 for 5000 psi concrete (see Figure 

5.24), values for ρmax  can easily be computed, and have been tabulated in Appendix Table A-5.8. 
These limits can also be found in Appendix Table A-5.9, since the tabulated values of ρ end at the 
maximum value, which has been computed for concrete strengths of 3, 4, and 5 ksi.

Figure 5.29: Tensioned-controlled reinforced concrete beam
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For beams, a lower limit for the steel ratio (ρmin) is also prudent, and is set at the larger of 200/fy 
and 3√fc'/fy (where fc'  and fy are in psi units). A minimum slab steel ratio is set at 0.0018(h/d), con-
sistent with slab requirements for minimum temperature and shrinkage reinforcement perpendicu-
lar to the direction of span, where h is the slab thickness and d is the effective depth. These lower 
bounds protect against a type of sudden failure that might otherwise occur in very lightly reinforced 
beams if the redistribution of stresses brought about by the initial cracking of concrete in the tension 
zone exceeds the capacity of the “cracked” cross section assumed in the calculation of steel area. For 
beams with relatively light loads, where even the minimum amount of steel provides greater capac-
ity than required, it is permitted to reduce the amount of steel below the “minimum steel” limits, as 
long as the area of steel provided is at least one-third larger than what would otherwise be required 
by analysis. Typical minimum and maximum values for the steel ratio, ρ, are shown in Appendix Table 
A-5.8 and A-5.9.

There is a subtle, but important, difference between positive-moment T-beam design (with ef-
fective “flange” width, b, and web or stem width, bw) and rectangular beam design (with constant 
width, b): the minimum steel ratio, ρmin, is much lower for the T-beam when expressed in terms of 
width, b. This is because ρmin, derived from a consideration of the beam’s moment capacity before 
tensile cracking of the concrete, is defined in terms of the beam “web” width in the tension zone, 
bw, and not the effective “flange” width, b. When using steel ratios expressed in terms of the effec-
tive width, b, the minimum steel ratio values computed with bw must be divided by the ratio b/bw. 
To account for these lower minimum steel ratios in T-beam design, the R-ρ table provided (Appendix 
Table A-5.9) includes additional steel ratio values below those that would ordinarily be listed for 
rectangular beam design. Depending on the ratio of the effective width, b, to the web width, bw, the 
minimum steel ratio, written in terms of b, can easily be determined; and the design can proceed as 
it would for a rectangular cross section.

It is permissible to design minimum steel areas for T-beams subjected to negative bending as if 
they were rectangular beams with b = bw in spite of the large area of concrete in the tension flange 
that could, in fact, sustain a much larger “uncracked” moment. The reason for this appears to have 
something to do with the redundancy of continuous (indeterminate) T-beam floor systems: redistri-
bution of moments from supports to midspan is possible if failure at the negative-moment supports 
renders them incapable of sustaining bending stress, essentially turning the system into a series of 
simply-supported spans with positive moment only. This logic does not apply in the following two 
situations. First, for statically determinate T-beams (such as precast cantilevered tees) where redis-
tribution of moments is not possible, the minimum negative steel is calculated based on the flange 
width or twice the web (stem) width, whichever is smaller (see Appendix Table A-5.9d). Second, for 
any other negative moment where a T-beam cantilever occurs (i.e., where moment redistribution 
cannot occur), the minimum steel should be increased as it is for determinate T-beams.

Reinforced concrete beams can be safely designed within a range of sizes bracketed by these 
minimum and maximum steel ratios. Using ρmax results in the smallest under-reinforced cross sec-
tion; while ρmin corresponds to the largest. Unlike wood and steel design, where the smallest, or 
lightest, cross section can usually be taken as the most economical, the best choice for a reinforced 
concrete beam is not necessarily the smallest cross section: the higher cost of steel relative to con-
crete, the potential difficulty of placing many steel reinforcing bars within a small cross-sectional 
area, and the reduced stiffness of a smaller cross section often suggest some intermediate steel 
ratio as the best choice. For example, steel ratios in the range of 0.5ρmax seem to produce reasonably 
proportioned beams.
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Steel ratio given

If the design of a reinforced concrete beam starts with the selection of a steel ratio, such as 0.5ρmax, 
we can solve for bd2 in Equation 5.12 to get:

					     bd2 ≥					   

where
b	 = the width (in.) of the cross section
d	 = the effective depth (in.) of the cross section
Mu	 = the design moment found using factored loads (in-kips)
ϕ	 = 0.9 for bending
R	 = ρfy (1 - 0.5882ρfy /fc' ), as defined in Equation 5.13 (ksi units; values can also be found in 

Appendix Table A-5.9)
 

While any values of width, b, and effective depth, d, consistent with the above equation are accept-
able in principle, these cross-sectional dimensions are often constrained by three practical consider-
ations. First, beam widths must be consistent with requirements for clear space between reinforcing 
bars and for concrete cover, as shown in Appendix Table A-5.3. Second, beam widths and depths are 
often made to align with other structural elements, such as column cross sections, other beams, or 
different sections of the same beam. Third, the actual depth of the cross section may be chosen to 
prevent excessive deflection, as indicated in Appendix Table A-5.13. It can be seen that one, but not 
both, of the cross-sectional dimensions must be assumed before the other dimension can be found. 
If the effective depth, d, is assumed as given, then:

					     b ≥ 
											         

If the width, b, is assumed as given, then:

					     d ≥

											         
Given a steel ratio, and knowing both cross-sectional beam dimensions, the required steel area can 
then be found from Equation 5.10 — that is, As = ρbd.

Cross-sectional dimensions given

Where both cross-sectional dimensions b and d are assumed as given, the steel ratio cannot also be 
selected, but must be calculated. From Equation 5.19, we found that: bd2 ≥ Mu/(ϕR). We can find the 
steel ratio, ρ, by first solving for R as follows:

					     R ≥

Mu

ϕR
(5.19)

Mu

ϕRd2 (5.20)

Mu

√ ϕRb (5.21)

Mu

ϕbd2 (5.22)
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Then, the corresponding steel ratio can be determined from Appendix Table A-5.9. If the value of R 
does not appear in the table, two things are possible. Either the value is too low, corresponding to a 
required steel ratio, ρ < ρmin; or the value is too high, corresponding to a required steel ratio, ρ > ρmax. 
In the latter case, the cross-sectional dimensions must be changed and R recomputed. Where ρ < 
ρmin, one can either adjust the cross-sectional dimensions, or simply use the larger quantity of steel 
corresponding to ρmin. Alternatively, an acceptable steel ratio can be assumed, along with one cross-
sectional dimension, and the procedures outlined earlier for “steel ratio given” can be followed.

Slabs

Reinforced concrete slabs, at least those designed to span in one direction, are no different con-
ceptually from any other beams, with the following four caveats. First, only ¾ in. concrete cov-
er is required (see Appendix Table A-5.1), so that the effective depth, d, measured to the cen-
terline of the reinforcing steel, can generally be taken as the slab thickness minus one inch. 
Second, special shear reinforcement is rarely needed. Third, rather than computing the steel 
area for a slab, the required spacing of reinforcing bars is computed based on an assumed steel 
bar area. Finally, the minimum steel area is based on the gross slab dimensions (using the thick-
ness, h, instead of the effective depth, d), so the minimum steel area, As,min = 0.0018(h × s), where 
s is the slab rebar spacing, and the minimum steel ratio, ρmin = 0.00180(h/d).  

The calculation of rebar spacing for a one-way slab is facilitated by considering a typical 12-in.-
wide strip of slab. Just as for a beam, the design moment, Mu, is found (or moment values are used), 
and R is computed based on Equation 5.22, with b set equal to 12 in. From Appendix Table A-5.9, ρ is 
found, and the required steel area for this 12-in. strip is computed just as for a beam: As = ρbd (where 
b = 12 in.). At this point, the design method for slabs diverges from that for beams, since the required 
steel area for a 12-in. wide strip is not, in itself, a useful piece of information. Instead, we prefer 
to find the required spacing for a selected rebar 
size, often choosing a No. 3, No. 4, or No. 5 bar 
size with a cross-sectional area of 0.11 in2, 0.20 
in2, or 0.31 in2 respectively (see Appendix Table 
A-5.2). Since the ratio of steel area per width of 
slab is now known (As /12 in.), we can establish 
the required width of slab — i.e., the required 
bar spacing —  for any steel area. For example, 
choosing a No. 3 bar, we can equate the ratio of 
As /12 in. to the ratio of the No. 3 bar area to its 
required spacing, s: As /12 in. = 0.11/s, as shown 
in Figure 5.30. If a No. 4 bar were selected, the 
equation would be: As /12 in. = 0.20/s; for a No. 
5 bar size, the equation would be As /12 in. = 
0.31/s.  For any of these cases, we solve for the 
spacing, s = 12 × (selected bar area)/As .

This reinforcement spacing can alternatively 
be determined more directly by substituting ρbd 
for As  (where b = 12 in.) in this last equation. Do-
ing so, we get: s = 12 × (selected bar area)/(12ρd), 

Figure 5.30: Steel in one-way slabs showing (a) equiva-
lent steel area, As, for a given width, b = 12 in.; and (b) 
spacing, s, for a slab with a selected bar area (corre-
sponding, typically, to a No. 3, No.4, or No. 5 rebar)

12"
As

s

Selected bar area

(a)
s s s

d

(b)

d
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or:

					     s = 						    

where the “selected bar area” is typically that of a No. 3, No. 4, or No. 5 bar, and

s = the centerline spacing between bars 
ρ = the computed steel reinforcing ratio
d = the effective slab depth

The spacing, s, must not exceed 18 in. nor 3 times the slab thickness, in any case. It is also common 
practice to choose a bar size so that the bar spacing ends up being at least 1½ times greater than the 
slab thickness; bars that are more closely spaced may satisfy “code” requirements, but end up being 
more costly to put in place. 

Reinforcement may be required perpendicular to the main longitudinal slab reinforcement (i.e., 
perpendicular to the reinforcement placed parallel to the span) for two reasons. First, a minimum 
amount of perpendicular steel — with minimum steel area, As,min = 0.0018(h × s) — is required to 
protect against cracking due to shrinkage of the concrete or thermal (temperature) expansion. The 
spacing of such shrinkage-temperature steel cannot exceed 18 in. or 5h, where h is the slab thick-
ness. Second, in cases where a T-beam is oriented so that it is parallel to the main slab reinforce-
ment (for example, where a T-beam girder is supporting T-beams that in turn are supporting slabs, 
as shown in Figure 5.31), the overhanging flanges of the T-beam girder must be reinforced as if they 
were negative-moment cantilevers, with a design moment, Mu = wu(b – bw)2/8. This reinforcement 
is not designed to improve the spanning capability of the slab itself, but rather to ensure that the 
effective width of the T-beam can function as assumed.

selected bar area
ρd

(5.23)

Figure 5.31: Slab steel for T-beams parallel to main slab reinforcement: (a) calculation of design moment, Mu = resul-
tant force × distance = [wu(b – bw)/2] × [(b – bw)/4] = wu(b – bw)2/8; and (b) view of T-beam with effective width, b, and 
web width, bw 

(a)

(b)
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Deflection

The rigorous calculation of reinforced concrete beam or slab deflection is complicated by the dif-
ficulty of determining the stiffness, EI, of such bending elements that would be required in any 
deflection equation: in particular, the moment of inertia of a cracked section (cracked in the tension 
zone) containing two very different types of materials (steel and concrete) is complex and uncertain. 
While such procedures exist, we can control deflection — for preliminary design — by establishing 
minimum thicknesses for beam and slab elements based on their clear span, as shown in Appendix 
Table A-5.13. For example, the minimum thickness for a continuous reinforced concrete beam is set 
equal to its clear span divided by 21; while the minimum thickness for a continuous slab is set equal 
to its clear span divided by 28.

Example 5.5 Design reinforced concrete beam, with steel ratio assumed

Problem definition. Assuming a steel ratio, ρ = 0.5ρmax, design a continuous rectangular concrete beam 
with a clear span of 36 ft to resist a positive design moment, Mu = 350 ft-kips. Assume fy = 60 ksi; and 
fc'  = 3000 psi. The beam width is set at 16 in. to align with rectangular columns. Assume 3 in. cover, 
measured to the centerline of reinforcement, and use even numbers for both cross-sectional dimen-
sions. Check thickness for deflection control.

Solution overview. Find R; compute unknown cross-sectional dimension; recompute steel ratio; com-
pute steel area; select reinforcement.

Problem solution
	 1.	 From Appendix Table A-5.8, find steel ratio:

ρmax = 0.0135.
ρ = 0.5ρmax = 0.00675.

	 2.	  From Appendix Table A-5.9c, find R = 0.3728 based on ρ = 0.00675. Alternatively, use Equation 
5.13 directly to obtain R = ρfy(1 - 0.5882ρfy/fc' ) = 0.00675(60)[1 - 0.5882(0.00675)(60)/3)] = 
0.3728.

	 3.	 From Equation 5.21, compute cross-sectional dimensions: since b = 16 in., we get:

					        d ≥
				  
	
	 4.	 Adjust the effective depth, d, so that the total thickness of the cross section is an even number. 

Since the assumed cover is 3 in., we can select an effective depth of either 27 in. (for a total 
thickness of 30 in.), or an effective depth of 29 in. (for a total thickness of 32 in.). Either choice is 
potentially correct, since even if the depth is less than what is required based on Equation 5.21, 
a revised steel ratio will be computed in the next step: a smaller depth will result in a larger steel 
ratio (more steel and less concrete), while a larger depth will result in a smaller steel ratio (less 
steel and more concrete). We will choose an effective depth, d = 29 in.

	 5.	 Find R using the actual cross-sectional dimensions, b = 16 in. and d = 29 in. From Equation 5.22, 
we get:

Mu 350 × 12
√ ϕRb √ 0.9(0.3728)(16)

= = 28 in.
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					        R ≥ 
								      
	 6.	 From Appendix Table A-5.9c, we can either use R = 0.3474 and a corresponding value of 

ρ = 0.00625; or we can interpolate between R = 0.3346 and R = 0.3474 to get:

						    

		  from which ρ = 0.00624. We will use the more accurate value of ρ = 0.00624. Using the value of 
0.00625 would certainly work (and for preliminary design might save a few minutes of calcula-
tion time) and, at least in this case, is virtually the same.

	 7.	 From Equation 5.10, compute steel area: As = ρbd = 0.00624(16)(29) = 2.90 in2.
	 8.	 From Appendix Table A-5.2, select reinforcement that will fit in the beam, as shown in Figure 

5.32: two No. 11 bars (with actual As = 3.12 in2) or three No. 9 bars (with actual As = 3.00 in2).
	 9.	 From Appendix Table A-5.3, check whether either choice fits within the beam width of 16 in. 

Two No. 11 bars require 8.13 in. and three No. 9 bars require 10.04 in., so either choice works 
in a 16 in.-wide beam.

	10.	 It is unlikely that our steel ratio will fall outside the limits for ρmin and ρmax, since our starting 
point was the selection of a steel ratio positioned between these two extremes. However, since 
the actual steel ratio being used is somewhat different from what we started with, a quick check 
is prudent. From Appendix Table A-5.8, the range of acceptable steel ratios is 0.0033 – 0.0135. 
This is also the range of values shown in Appendix Table A-5.9c for 3 ksi concrete. For two No. 
11 bars, the steel ratio, ρ = As /bd = 3.12/(16 × 29) = 0.0067, which falls between the two limiting 
values (the steel ratio for three No. 9 bars, ρ = 3.00/(16 × 29) = 0.0065, is also acceptable).

	11.	 Check beam thickness for deflection control: from Appendix Table A-5.13, the minimum thick-
ness for a continuous beam with clear span, 
L (in.), is L/21 = (36 × 12)/21 = 20.6 in. This 
is no greater than the actual thickness of 
the beam, h = d + 3 = 29 + 3 = 32 in., so the 
beam is acceptable for deflection control.

Example 5.6 Design reinforced concrete slab 
with slab thickness assumed

Problem definition. Design a continuous 6 in.-
thick reinforced concrete slab supporting a live 
load of 100 psf (and no live load reduction) with a clear span between supports of 14 ft. Assume 
fy = 60 ksi; and fc’  = 4000 psi. Consider both negative and positive moment values on typical interior 
spans (Appendix Table A-5.7). Assume that the dead load consists of the reinforced concrete weight 
(150 pcf). Span dimensions are measured from the inside face of supporting elements, rather than 
from their centerlines, when computing shear and moment. Assume a 1 in. cover for slabs (mea-
sured to centerline of reinforcement).

Solution overview. Find factored loads; compute design moment; compute R; find ρ; compute rebar 
spacing. Check rebar spacing and deflection control.

Mu

ϕbd2

350 × 12
0.9(16)(292)

= 0.3468=

0.3474 – 0.3468
0.3474 – 0.3346

 0.00600 – ρ
0.00625 – 0.00600

=

Figure 5.32: Alternate bar selection for Example 5.5 

2 No. 11 bars 3 No. 9 bars
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Problem solution
Find loads:
		  From Appendix Table A-2.1 (and as given in problem definition), the dead load, D = 150 pcf.
		  The live load is given as L = 100 psf.

Slab design, negative moment
	 1.	 Find loads on 12-in-wide strip of slab:
		  The live load, L = 100 psf = 100 lb/ft (for 1 linear foot of a 12-in.-wide strip of slab). Live load 

reduction is not being considered.
		  The dead load, D (for 1 linear foot of a 12-in.-wide strip of slab) = 150(6/12) = 75.0 lb/ft.
		  From Appendix Table A-5.4, the factored (design) load, wu = 1.2 D + 1.6 L = 1.2(75) + 1.6(100) = 

250 lb/ft = 0.250 kips/ft.
	 2.	 Using moment values from Appendix Table A-5.7, compute the negative design moment for 

a typical interior span. Because the clear span of the slab is greater than 10 ft (see Note 2, 
Appendix Table A-5.7), the moment value is Mu = wu ln

2 /11 = 0.250 × 142/11 = 4.455 ft-kips 
= 53.455 in-kips. The initial calculation used kips/ft units for wu and foot units for ln, with the 
resulting moment value in ft-kips units. This value was then multiplied by 12 to convert the mo-
ment value to in-kips units.

	 3.	 From Equation 5.22, R ≥ Mu/(ϕbd2) = 53.455/(0.9 × 12 × 52 ) = 0.198. In this equation, the effec-
tive slab depth, d , is taken as 1 in. less than the given slab thickness, h = 6 in., consistent with 
typical requirements for slab cover.

	 4.	 From Appendix Table A-5.9b, we can either use R = 0.2058 and a corresponding value of ρ = 
0.00354, or we can interpolate between R = 0.1939 and R = 0.2058. A value for ρ will be found 
by interpolation:

 

		  from which ρ = 0.00340. 
	 5.	 From Appendix Table A-5.2, we select a value for As: assuming No. 4 reinforcing bars for the 

slab, As = 0.20 in2.
	 6.	 From Equation 5.23, find rebar spacing: s = As /(ρd) = 0.20/(0.00340 × 5) = 11.76 in.
			   The maximum permitted bar spacing for a slab is the smaller of 18 in. or three times the slab 

thickness, 3h = 18 in. Rounding down, negative slab moments are resisted by No. 4 bars at 11 in. 
on center (a value that is also greater than the “practical” minimum of 1½ times the slab thick-
ness). In this case, the same answer would have been obtained without interpolation, using the 
more conservative value of ρ = 0.00354. 

	 7.	 Checking the steel ratio, we find the limits from Appendix Table A-5.9b to be ρmin = 0.00180(h/d) = 
0.00180(6/5) = 0.002160 (this value can also be found directly in Appendix Table A-5.9d) and 
ρmax = 0.01810. The actual steel ratio can be found by dividing a single bar area by the gross 
concrete area determined by its spacing, s, and effective depth, d:

		  ρ = 0.20/(11 × 5) = 0.00364, which falls between these limiting values.
	 8.	 Deflection control can be checked using Appendix Table A-5.13: for a continuous slab, the mini-

mum thickness equals the clear span divided by 28, or (14 × 12)/28 = 6.00 in. The actual slab 
thickness, h = 6 in., corresponds exactly to this minimum, so the slab is thick enough for deflec-
tion control.

0.2058 – 0.1980
0.2058 – 0.1939

0.00354 – ρ
0.00354 – 0.00333

=
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Slab design, positive moment

	 1.	 Find loads: same as for negative moment: wu = 0.250 kips/ft.
	 2.	 From Appendix Table A-5.7, compute the positive design moment value, Mu = wu ln

2 /16 = 
0.250 × 142/16 = 3.063 ft-kips = 36.75 in-kips. The initial calculation used kips/ft units for wu and 
foot units for ln, with the resulting moment value in ft-kips units. This value was then multiplied 
by 12 to convert the moment value to in-kips units.

	 3.	 From Equation 5.22, R ≥ Mu/(ϕbd2) = 36.75/(0.9 × 12 × 52 ) = 0.1361. In this equation, the effec-
tive slab depth, d , is taken as 1 in. less than the given slab thickness, h = 6 in., consistent with 
typical requirements for slab cover.

	 4.	 From Appendix Table A-5.9b, we can either use R = 0.1410 and a corresponding value of ρ = 
0.002400, or we can interpolate between R = 0.1360 and R = 0.1410. A value for ρ will be found 
by interpolation:

		  from which ρ = 0.002316. 
	 5.	 From Appendix Table A-5.2, we select a value for As: assuming No. 4 reinforcing bars for the 

slab, As = 0.20 in2.
	 6.	 From Equation 5.23, find rebar spacing: s = As /(ρd) = 0.20/(0.002316 × 5) = 17.3 in.
		  The maximum permitted bar spacing for a slab is the smaller of 18 in. or three times the slab 

thickness, 3h = 18 in. Rounding down, negative slab moments are resisted by No. 4 bars at 17 in. 
on center (a value that is also greater than the “practical” minimum of 1½ times the slab thick-
ness). In this case, the same answer would not have been obtained without interpolation, using 
the more conservative value of ρ = 0.002664. Instead, a more conservative spacing of 15 in. on 
center would have been found. 

	 7.	 Checking the steel ratio, we find the limits from Appendix Table A-5.9b to be ρmin = 0.00180(h/d) = 
0.00180(6/5) = 0.002160 (this value can also be found directly in Appendix Table A-5.9d) and 
ρmax = 0.01810. The actual steel ratio can be found by dividing a single bar area by the gross 
concrete area determined by its spacing, s, and effective depth, d:

			   ρ = 0.20/(17 × 5) = 0.00235, which falls between these limiting values.
	 8.	 Deflection control need not be checked again, as it proved acceptable in the calculations for 

negative steel.

Example 5.7 Design reinforced concrete slab and T-beam, with cross-sectional dimensions as-
sumed

Problem definition. Design a continuous rein-
forced concrete slab and typical beam to accom-
modate light manufacturing, as shown in Figure 
5.33. Assume fy = 60 ksi; and fc'  = 5000 psi. Con-
sider both negative and positive moment values 
on typical interior spans (Appendix Table A-5.7). 
Assume a beam width of 12 in., and a slab thick-
ness of 6 in. as shown. The beams have a clear 

0.1410 – 0.1361
0.1410 – 0.1360

0.002400 – ρ
0.002400 – 0.002314

=

Figure 5.33: Cross section through slab and T-beam for 
Example 5.7 
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span of 30 ft. Assume that the dead load consists of the reinforced concrete weight (150 pcf). Span 
dimensions are measured from the inside face of supporting elements, rather than from their center-
lines, when computing shear and moment. Design beam and slab for typical interior spans. Assume 
3-in. cover for beams, and 1 in. for slabs (measured to centerline of reinforcement).

Solution overview. For slab: find factored loads; compute design moment; compute R; find ρ; com-
pute rebar spacing. For beam: find factored loads; compute design moment; compute R; find ρ; 
compute steel area, As; select reinforcement. Check bar fit for beam and deflection control for both 
beam and slab.

Problem solution
Find loads:
		  From Appendix Table A-2.1 (and as given in problem definition), the dead load, D = 150 pcf.
		  From Appendix Table A-2.2, the live load, L = 125 psf (light manufacturing).

Slab design, negative moment

	 1.	 Find loads on 12-in-wide strip of slab:
		  The live load, L = 125 psf = 125 lb/ft (for 12-in.-wide strip of slab). Live load reduction does not 

apply for live loads greater than 100 psf.
		  The dead load, D (for 12-in.-wide strip of slab) = 150(6/12) = 75.0 lb/ft (see Figure 5.34).
		  From Appendix Table A-5.4, the factored (design) load, wu = 1.2 D + 1.6 L = 1.2(75) + 1.6(125) = 

290 lb/ft = 0.290 kips/ft.
	 2.	 Using moment values from Appendix Table A-5.7, compute the negative design moment for 

a typical interior span. Because the clear span of the slab is no greater than 10 ft (see Note 2, 
Appendix Table A-5.7), the moment value is Mu = wu ln

2 /12 = 0.290 × 72/12 = 1.184 ft-kips = 
14.21 in-kips. The initial calculation used kips/ft units for wu and foot units for ln, with the result-
ing moment value in ft-kips units. This value was then multiplied by 12 to convert the moment 
value to in-kips units.

	 3.	 From Equation 5.22, R ≥ Mu/(ϕbd2) = 14.21/(0.9 × 12 × 52 ) = 0.0526. In this equation, the effec-
tive slab depth, d , is taken as 1 in. less than the given slab thickness, h = 6 in., consistent with 
typical requirements for slab cover.

	 4.	 From Appendix Table A-5.9a, we can either use R = 0.0528 and a corresponding value of ρ = 
0.000885, or we can interpolate between R = 0.0497 and R = 0.0528. In this case, the minimum 
steel ratio for a slab with thickness, h = 6 in., ρmin = 0.00180(6/5) = 0.002160, so there is no point 
interpolating: the result — as can be seen by examining Appendix Table A-5.9a — will be less 
than ρmin. Therefore, we use the minimum 
value, ρ = 0.002160.

	 5.	 From Appendix Table A-5.2, we select a val-
ue for As: assuming No. 3 reinforcing bars 
for the slab, As = 0.11 in2.

	 6.	 From Equation 5.23, find rebar spacing: s = 
As /(ρd) = 0.11/(0.002160 × 5) = 10.19 in.

		  The maximum permitted bar spacing for a 
slab is the smaller of 18 in. or three times 

Figure 5.34: Tributary area for calculation of slab weight, 
Example 5.7 
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the slab thickness, 3h = 18 in. Rounding down, negative slab moments are resisted by No. 3 bars 
at 10 in. on center (a value that is also greater than the “practical” minimum of 1½ times the 
slab thickness).

	 7.	 Checking the steel ratio, we find the limits from Appendix Table A-5.9 to be ρmin = 0.002160 (see 
Appendix Table A-5.9a or A-5.9d) and ρmax = 0.02130. The actual steel ratio can be found by 
dividing a single bar area by the gross concrete area determined by its spacing, s, and effective 
depth, d:

		  ρ = 0.11/(10 × 5) = 0.00220, which falls between these limiting values.
	 8.	 Deflection control can be checked using Appendix Table A-5.13: for a continuous slab, the mini-

mum thickness equals the clear span divided by 28, or (7 × 12)/28 = 3.00 in. The actual slab 
thickness, h = 6 in., exceeds this minimum, so the slab is thick enough for deflection control.

Slab design, positive moment

	 1.	 Find loads: same as for negative moment: wu = 0.290 kips/ft.
	 2.	 From Appendix Table A-5.7, compute the positive design moment value, Mu = wu ln

2 /16. Rather 
than going through the computation process, notice that the positive moment is smaller than 
the negative moment already computed; since the negative moment in this case was governed 
by the minimum steel ratio, the positive moment (which is even smaller) will have the same re-
sult. Therefore, use the same bars and spacing computed for the negative moment: No. 3 bars 
at 10 in. on center.

Beam design, negative moment

	 1.	 Find distributed load on beam:
		  We found that the live load, L = 125 psf, so the distributed load per foot of beam = 125 × tribu-

tary area = 125(8) = 1000 lb/ft. Live load reduction does not apply since the live load is greater 
than 100 psf.

		  The dead load can be found by adding the 
slab and beam-stem weight as shown in 
Figure 5.35: D = slab weight + beam-stem 
weight = 150(6/12)(8) + 150(18/12)(12/12) = 600 + 
225 = 825 lb/ft.

		  From Appendix Table A-5.4, the fac-
tored (design) load = 1.2 D + 1.6 L = 
1.2(825) + 1.6(1000) = 2590 lb/ft = 2.59 
kips/ft.

	 2.	 Using moment values from Appendix Ta-
ble A-5.7, compute the negative design 
moment for a typical interior span: Mu = 
wu ln

2 /11 = 2.59 × 302/11 = 211.9 ft-kips = 
2542.91 in-kips.

	 3.	 From Equation 5.22, R ≥ Mu /(ϕbd2) = 
2542.91/(0.9 × 12 × 212) = 0.5339. In this 
equation, the effective beam depth, d, is 

Figure 5.35: Tributary area for calculation of slab and 
beam stem weight, Example 5.7 
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taken as 3 in. less than the total beam thickness, h = 24 in., measured from the bottom of the 
beam “web” or “stem” to the top of the slab.

	 4.	 From Appendix Table A-5.9a, we can either use R = 0.5447 and a corresponding value of ρ = 
0.00975, or we can interpolate between R = 0.5318 and R = 0.5447 to get:

 

		  from which ρ = 0.00954. We will use the more accurate value of ρ = 0.00954.
	 5.	 From Equation 5.10, compute steel area: As = ρbd = 0.00954(12)(21) = 2.40 in2.
	 6.	 From Appendix Table A-5.2, select reinforcement that will fit in the beam, as shown in Figure 

5.36: two No. 10 bars (with actual As = 2.54 in2) or three No. 9 bars (with actual As = 3.00 in2).
	 7.	 From Appendix Table A-5.3, check whether either choice fits within the beam web (or stem) 

width of 12 in. Two No. 10 bars require 7.83 in. and three No. 9 bars require 10.04 in., so either 
choice works in a 12-in.-wide beam.

	 8.	 Checking the steel ratio, we find the limits from Appendix Table A-5.9d to be ρmin = 0.00354 (see 
Appendix Table A-5.9d for negative-moment T-beams) and ρmax = 0.02130. The actual steel ratio 
can be found by dividing the bar area by the gross concrete area determined by width and ef-
fective depth: for the two No. 10 bars, ρ = 2.54/(12 × 21) = 0.0101, which falls between these 
limiting values (the steel ratio for three No. 9 bars, ρ = 3.00/(12 × 21) = 0.0119, is also accept-
able).

	 9.	 Deflection control can be checked using Appendix Table A-5.13: for a continuous beam, the 
minimum thickness equals the clear span divided by 21, or (30 × 12)/21 = 17.14 in. The actual 
beam thickness, h = 24 in., is greater than this minimum, so the beam is thick enough for deflec-
tion control.

Beam design, positive moment (T-beam design)

	 1.	 Find distributed load on beam: same as for negative-moment design.
	 2.	 Using moment values from Appendix Table A-5.7, compute positive design moment for a typical 

interior span: Mu = wu ln
2 /16 = 2.59(302)/16 = 145.69 ft-kips = 1748.3 in-kips.

0.5447 – 0.5339
0.5447 – 0.5318

0.00975 – ρ
0.00975 – 0.00950

=

Figure 5.36: Bar selection options for negative moment in T-beam, Example 5.7 
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	 3.	 From Equation 5.14, the effective width, b is the smaller of the following:
		  b = web width + 1/4 span = 12 + (30 × 12)/4 = 102 in.
		  b = centerline distance between beams = 96 in.
		  b = web width + 16 times slab thickness = 12 + (16 × 6) = 108 in.
		  The effective width, b = 96 in.
	 4.	 From Equation 5.22, R ≥ Mu /(ϕbd2) = 1748.3/(0.9 × 96 × 212) = 0.0459. In this equation, the 

effective beam depth, d, is taken as 3 in. less than the total beam thickness, h = 24 in., measured 
from the bottom of the beam web or stem to the top of the slab.

	 5.	 From Appendix Table A-5.9a, we can either use R = 0.0470 and a corresponding value of 
ρ = 0.000787, or we can interpolate between R = 0.0445 and R = 0.0470 to get:

 
		  from which ρ = 0.000769. We will use the more accurate value of ρ = 0.000769.
		  For positive moment T-beams, the minimum steel ratio is determined by dividing 0.00354 

by the ratio b/bw = 96/12 = 8, from which ρmin = 0.00354/8 = 0.000443 (see Appendix 
Table A-5-9a or A-5-9d). Our value of ρ is not smaller than ρmin, so it is acceptable. Because a 
value for ρ was actually found in Appendix Table A-5.9a (no values greater than ρmax are listed 
in that table) and because steel ratios for positive moment T-beams tend to be quite small, the 
maximum steel ratio need not be checked.

	 6.	 From Equation 5.15, check that the stress block depth, a, falls within slab thickness:
		  a = ρfyd /(0.85fc' ) = 0.000769(60)(21)/(0.85 × 5) = 0.23 in. ≤ slab thickness = 6 in., so T-beam 

assumptions are valid.
	 7.	 From Equation 5.10, compute steel area: As = ρbd = 0.0007697(96)(21) = 1.55 in2.
	 8.	 From Appendix Table A-5.2, steel reinforcement is selected, as shown in Figure 5.37: two No. 8 

bars with As = 1.58 in2.
	 9.	 From Table A-5.3, check whether this choice fits within the beam web (or stem) width of bw = 

12 in. Two No. 8 bars require 7.33 in., so the choice works in a 12-in.-wide beam.
	10.	 The steel ratio has already been checked (step 5). The check for deflection control is the same 

as for negative moment and need not be repeated.

0.0470 – 0.0459
0.0470 – 0.0445

0.000787 – ρ
0.000787 – 0.000745

=

Figure 5.37: Bar selection for positive moment in T-beam, Example 5.7 
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24
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Shear

Wood and steel beams are generally designed for bending and checked for shear. If a beam selected 
for bending cannot safely resist the shear stresses, a larger section must be used. Reinforced con-
crete beams are almost never acceptable for shear after they are designed for bending, because 
shear stresses, combined with bending stresses, produce diagonal tension within the beam. Since 
concrete is so weak in tension, excessive shear (really diagonal tension) would cause the beam to fail 
catastrophically. Rather than increase the size of the cross section to the point where the concrete 
can safely resist all diagonal tension stresses, shear (web) reinforcement is used where the shear 
stress exceeds the capacity of the concrete.

Web reinforcement, consisting of U- or rectangular-shaped steel stirrups, is generally made from 
No. 3 or No. 4 bars, bent as shown in Figure 5.38. The force resisted by each stirrup is based on an 
area twice the size of the bent bar, or Av = 2As, where As is the bar area and Av is the total area of 
shear reinforcement provided by a single stirrup. This value is double the area of the bar since two 
prongs of each stirrup are present at any diagonal tension crack (Figure 5.39). Thus, assuming that 
diagonal tension cracks form at a 45° angle, the number of stirrups resisting tension within each 
crack is d/s, where d = the effective depth of the beam and s = the stirrup spacing.

Figure 5.38: Typical web steel (stirrups) to resist diagonal tension associated with shear stress in beams 

Figure 5.39: Assumed crack geometry for calculation of web steel capacity to resist shear forces (at diagonal tension 
cracks) 

45° Bar area, 2As

s

d

s
d

Assumed crack 
geometry
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At failure, corresponding to yielding of the stirrups, the total force resisted by the steel web 
reinforcement is therefore equal to the number of stirrups times the force resisted by each; that is: 
Vs = (d/s)(Av fy) or:

						      Vs = Av fy d/s					   

where
  Vs	 = the total force resisted by web reinforcement, which can be no larger than 4 × Vc (see 

Equation 5.26 for definition of Vc)
  d	 = the effective depth of the beam
  s	 = the stirrup spacing
 Av 	 = the area of shear reinforcement, equal to twice the area of the bar from which the stirrup 

is made
  fy	 = the yield stress of the reinforcing bar, 60 ksi in all text examples.

Solving for the stirrup spacing, we get:

						      s = Av fy d/Vs					   

The concrete itself also inhibits the formation of diagonal tension cracks; its contribution can be 
taken as:

						      Vc = 2√fc' bd		

where
  Vc	 = the total force resisted by the concrete (lb)
  fc' 	 = the cylinder strength of the concrete (psi)
  b	 = the width of the beam, or “web” width for T-beams (in.)
  d	 = the effective depth of the beam (in.)

The value for concrete capacity shown in Equation 5.26 presumes concrete of normal weight 
(“normalweight” is one word in the ACI 318 reference). For lightweight concrete, this value can 
be multiplied by 0.85 (sand-lightweight concrete) or 0.75 (all-lightweight concrete). This value for 
concrete capacity can be increased by 10 percent for 1-way joist systems, but only when they meet 
certain criteria governing geometry (e.g., the width of the joist “ribs” must never be less than 4 in. 
and the clear spacing between ribs cannot be greater than 30 in.) and continuity of reinforcement 
in the joists.

The strength design method for shear in concrete beams stipulates that the design shear force, 
Vu , at any section (produced by factored loads) not exceed the available capacity of the concrete and 
web steel combined. When the strength reduction factor for shear, ϕ, is included, we get:

(5.24)

(5.25)

(5.26)
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						      Vu ≤ ϕ(Vc + Vs)				  

where
               Vu	 = the design shear force.
          ϕ	 = capacity reduction factor = 0.75 for shear (Appendix Table A-5.5)
Vs and Vc	= the values defined in Equations 5.24 and 5.26

There are several limitations that affect the deployment of web steel, as follows:

The closest practical stirrup spacing is 3 to 4 in.

The first stirrup is generally placed at a distance s/2 from the face of the support.

A minimum amount of web steel is required when Vu > 0.5ϕVc, even if the calculated shear 
force to be resisted by web steel is less than or equal to zero, i.e., for Vu ≤ ϕVc.  This required 
minimum web steel can be written in terms of a required maximum stirrup spacing: s = 
Av fy /(0.75b × √fc') ≤ Av fy /(50b). For certain beams with small total depth or thickness, this 
requirement is waived, in which case stirrups are only needed when Vu > ϕVc. Both fy  and 
fc'  are expressed in psi units; b (in.) is the beam “stem” width in this case and d is the effec-
tive depth (in.). This minimum amount of web steel is required, even if Vu < ϕVc; only when 
Vu < 0.5ϕVc can shear reinforcement be discontinued.

When Vs ≤ 2Vc, stirrup spacing cannot exceed the smaller of d/2, 24 in., or the maximum spacing 
governed by the requirement for minimum web steel. When Vs > 2Vc, the first two criteria 
are reduced by half (to the smaller of d/4 or 12 in.). Starting with ACI 318-19, limits are also 
placed on stirrup spacing across the beam width, perpendicular to the longitudinal direc-
tion:  when Vs ≤ 2Vc, the distance between stirrup legs cannot exceed d, and when Vs > 2Vc, 
the distance between stirrup legs cannot exceed d/2.

A single stirrup size is used throughout a given beam; the spacing of these stirrups varies to ac-
count for changing values of shear along the span of the beam. For uniformly loaded spans, except 
as noted below, the maximum shear force at the face of the support is:

						      Vu = wulu / 2					   

where wu is the uniformly distributed and factored design load (lb/ft or kips/ft); and lu  is the clear 
span (ft). This applies to plan geometries with relatively equal spans and unfactored live loads that 
are no more than 3 times the unfactored dead loads, just as for the moment values listed in Appen-
dix Table A-5.7. The one exception is at the “interior” support of end spans in continuous structures, 
for which the design shear should be taken as 1.15 times the value in Equation 5.28. Since the point 
of critical (maximum) shear is actually measured at a distance d from the face of the beam’s sup-
port — whether that support consists of wall, column, or girder — it makes no difference if the span 
used in Equation 5.28 is measured from face of support or support centerline. In either case, the 

(5.27)

(5.28)
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“theoretical” value shown in Equation 5.28 must 
be reduced to the value computed at the critical 
section. Figure 5.40b shows such a critical sec-
tion measured from the face of support as well 
as a typical pattern of shear force and web rein-
forcement for a uniformly-loaded beam (Figure 
5.40c). The stirrup spacing is symmetrical; only 
half is shown. Equations for web steel are repro-
duced in Appendix Table A-5.6.

Example 5.8 Design shear reinforcement 
(stirrups) for reinforced concrete beam

Problem definition. Design the distribution of 
web steel (use No. 3 bars) for the cross section 
shown in Figure 5.41, assuming a factored de-
sign load, wu = 6 kips/ft on a clear interior span, 
lu = 30 ft. Use fc'  = 4000 psi and fy = 60 ksi.

Solution overview. Compute concrete capacity; 
find minimum, maximum and intermediate (op-
tional) spacing for stirrups; sketch distribution of 
stirrups along length of beam.

Problem solution
All equations can be found in Appendix Table 
A-5.6 with lb or psi units; these have been con-
verted to kips or ksi units in what follows, except 
where lb or psi units are specifically required 
(Appendix Table A-5.6 parts C and F).
	 1.	 Compute concrete shear capacity (Appen-

dix Table A-5.6 part C):

			   Vc = 2bd√fc' = 2(12 × 24)√4000 = 36,429 lbs = 36.43 kips
	
	

Figure 5.40: Shear diagram (a) for a uniformly loaded 
beam; with (b) half of the shear diagram enlarged; and 
(c) beam elevation showing typical stirrup spacing

(a)

(b)

(c)

Figure 5.41: Cross section, load, and shear diagrams for Example 5.8
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2.	Find minimum spacing of No. 3 stirrups at critical Vu (at distance d from support), as shown in 
Figure 5.42:

			   The maximum design shear at the face of support, Vu, can be taken as wu lu/2 = 90 kips for 
interior spans. The design shear at the critical distance, d, from the face of support can be found 
using similar triangles or, more directly, by reducing the maximum value of Vu by the ratio of 
the small to large triangle legs, as shown in Figure 5.42: Vu at distance, d, equals 90(156/180) = 
78 kips.

			   From Appendix Table 5.6 part E: the steel capacity, Vs ≥ Vu /ϕ – Vc = 78/0.75 – 36.43 = 67.57 kips.
			   From Appendix Table A-5.2, the area of a No. 3 bar is As = 0.11 in2 so Av= 2As = 0.22 in2. From 

Appendix Table 5.6 part B: the required spacing, s ≤ Av fy d/Vs = (0.22)(60)(24)/67.57) = 4.69 in. 
Round down the required spacing to the first half-inch increment: s = 4.5 in. 

	 3.	 Find maximum spacing of No. 3 stirrups:
			   From Appendix Table A-5.6 part F, and since Vs = 67.57 kips ≤ 2Vc = 2(36.43) = 72.86 kips, the 

maximum stirrup spacing is governed by the smaller of d/2 =12 in., 24 in., or the spacing cor-
responding to the requirement for minimum web steel: Av fy /(0.75b × √fc') ≤ Av fy /(50b) or 22 
in. (fy  and fc' must be in psi units in this equation!) The maximum spacing is therefore 12 in.

			   The location along the beam elevation 
where this maximum stirrup spacing can 
begin is found as follows. First find the steel 
capacity corresponding to the maximum 
spacing from Appendix Table 5.6 part A: 
Vs = Av fy d/s = (0.22)(60)(24)/12 = 26.4 kips. 
Next, find the total design shear corre-
sponding to the steel and concrete capaci-
ties at this location from Appendix Table 5.6 
part D: Vu = ϕ(Vc + Vs) = 0.75(36.43 + 26.4) = 
47.12 kips. 		

			   Finally, use similar triangles to deter-
mine the distance from the beam center-
line corresponding to the location where 
maximum stirrup spacing can begin, as 
shown in Figure 5.43. The starting point for 
maximum spacing is no further than 94.24 
in. from the beam centerline.

	 4.	 Find location where no stirrups are need-
ed:

			   From Appendix Table 5.6 part G, Vu = 
0.5ϕVc = 0.5(0.75)(36.43) = 13.66 kips.

			   The location along the beam elevation 
where no stirrups are required can be 
found by using similar triangles, as shown 
in Figure 5.44. The starting point for no stir-
rups is no further than 27.32 in. from the 
beam centerline.

	 5.	 (Optional) Select intermediate spacing 

Figure 5.42: Shear diagram for calculation of critical 
design shear for Example 5.8 

Critical Vu = 90(156/180) = 78 kips
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Figure 5.43: Shear diagram for calculation of loca-
tion where maximum stirrup spacing can begin, for 
Example 5.8
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Figure 5.44: Shear diagram for calculation of location 
where no stirrups are required, for Example 5.8
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between minimum and maximum values 
determined earlier:

			   Choose a spacing between the smallest 
required at the support (4.5 in.) and the 
maximum (12 in.), for example, s = 8 in.

			   Determine starting point for intermedi-
ate spacing as follows. First, find the steel 
capacity corresponding to the chosen spac-
ing: from Appendix Table A-5.6 part A, 
Vs = Av fy d/s = (0.22)(60)(24)/8 = 39.6 kips. 
Next, find the total design shear corre-
sponding to the steel and concrete capacities at this location from Appendix Table 5.6 part D: 
Vu = ϕ(Vc + Vs) = 0.75(36.43 + 39.6) = 57.02 kips. Finally, use similar triangles to determine the 
distance from the beam centerline corresponding to the location where this intermediate stir-
rup spacing can begin, as shown in Figure 5.45. The starting point for intermediate spacing, 
s = 8 in., is no further than 114 in. from the beam centerline. 

	 6.	 Sketch the distribution of web steel (stirrups) for one half of the beam. The first stirrup is gen-
erally placed at a distance s/2 = 4.5/2 = 2.25 in. from the face of the support (round down to 2 
in.). The remaining stirrups are arranged within the zones of minimum, intermediate (optional) 
and maximum spacing, as shown in Figure 5.46. In this example, the middle 38 inches (that is, 
twice 19 in.) of the beam are not required to have stirrups.

Figure 5.45: Shear diagram for calculation of location 
where intermediate stirrup spacing may begin, for Ex-
ample 5.7
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Face of support Beam centerline180"

66" 19" 67" 28"

28"
95"

114"

Maximum 12" o.c.
Int.
8" o.c.

Stirrups

2" 14 @ 4½" = 63" 19"

Minimum 4½" o.c.

6 @ 12" = 72"
3 @ 8" 
= 24"

Figure 5.46: Elevation of beam showing spacing of stirrups for Example 5.8
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Depending on the beam’s cross-sectional dimensions, span, load, and material properties, the 
distribution of stirrup spacing can sometimes become even more complex for uniformly loaded 
beams with a triangular shear force pattern. As can be seen in Figure 5.47, there are four possible 
zones where the maximum shear force might occur, these zones bounded by values of Vu /ϕ equal 
to 0, 0.5Vc , Vc , 3Vc , and 4Vc . These bounded areas are significant since they define four zones with 
different criteria for stirrup spacing. In zone I, no stirrups are needed; in zone II, only minimum web 
steel is needed; in zone III, stirrup spacing cannot exceed the limits of “regular” maximum spacing 
(the smaller of d/2, 24 in., or the value determined by minimum web steel); and in zone IV, stirrup 
spacing cannot exceed the limits of “reduced” maximum spacing (the smaller of d/4, 12 in., or the 
value determined by minimum web steel). The upper limit of 5Vc  corresponds to the maximum ac-
ceptable value of Vu /ϕ — beyond that point, the shear force resisted by web steel is considered too 
high, and is not permitted.

Aside from the added cost and inefficiency of using too much steel, nothing prevents a designer 
from deploying stirrups at the minimum spacing, corresponding to the largest shear force, through-
out the length of the beam. And there is also no prohibition against creating a greater number of 
spacing conditions, using any number of “intermediate” spacings, to minimize the amount of steel 
used in the beam. Finally, stirrup spacing over regions with constant shear force, Vu  — commonly 
encountered in girders with concentrated loads — can be found with the same equations used in 
Example 5.7 and summarized in Appendix Table A-5.6.

Figure 5.47: Shear force diagram showing four zones where the maximum shear force might occur; the shear force, Vu 
is divided by the strength reduction factor, ϕ, in order to more clearly show the concrete and web steel contributions 
in relation to the total shear force at any point: Vu /ϕ = Vc  + Vs
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Connections

Reinforced concrete elements are not ordinarily “connected” in the usual sense of the term; rather, 
they are most often cast together into a monolithic assembly. Of course, there are construction 
joints between sections of the structure cast separately, but even at such joints, opposite faces of 
concrete brought together in compression bear against each other just as if they had been mono-
lithically cast; and steel reinforcement in tension is made to extend through each construction joint 
so that tensile forces in the bars continue from one side of the joint to the other. 

The following discussion therefore does not include any reference to the types of welds, bolts, 
screws, or nails commonly found in wood or steel construction, where discrete structural elements 
subjected to tension, compression, or bending must be explicitly connected in order to function to-
gether as a coherent structural system. Instead, two “quasi-connections,” both typical of reinforced 
concrete construction, shall be examined: the end condition of a continuous beam, and the lapped 
splicing of reinforcing bars where the bottom of one column is cast against the top of another col-
umn.

Development length, tension

The fact that much reinforcing steel is subjected 
to tension raises an important question: what 
prevents such steel bars from being pulled out 
of, or slipping within, the concrete into which 
they have been placed? As can be seem in Fig-
ure 5.48, any bending of a structural element 
literally stretches the tension region while the 
compression region shortens.

If the surface between the reinforcing bars 
and adjacent concrete were smooth and fric-
tionless, the bars would remain “unstretched” 
as the beam bent; in general, it is the bond be-
tween the steel bars and concrete that guaran-
tees that such slippage will not occur. This bond 
is primarily a result of bumps, or deformations, 
placed on the surface of the reinforcement that 
create a mechanical interlocking of the steel 
and concrete surfaces, as shown schematically 
in Figure 5.49.

The strength of this bond, per unit of bar 
length, has been measured experimentally, so 
the total necessary bar length required to resist 
any tendency for the bar to be pulled through 
the concrete can be determined for any given 
tension stress. This required bar length is called 
the development length, ld, and is shown in 
Equation 5.29 for No. 7 or larger uncoated bars 

Figure 5.48: Extension of rebar in tension zone of rein-
forced concrete element

Original bar length

Reinforcing bar

Extension

Shortening

Figure 5.49: Schematic representation of a deformed 
reinforcing bar (rebar)
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with normalweight concrete and adequate bar spacing, or adequate spacing plus confinement with 
ties or stirrups, to prevent splitting of the concrete. Specifically, as illustrated in Figure 5.50, the bars 
must have a clear space between them at least equal to twice the bar diameter, that is, at least equal 
to 2db, and clear cover at least equal to the bar diameter, db. Alternatively, if adequate stirrups or ties 
are used throughout the development length region to confine the bars and prevent splitting of the 
concrete, the minimum clear spacing requirement may be reduced to db.   

In Equation 5.29, ld is the development length for tension (in.), fy is the yield stress of the steel rein-
forcement (psi), fc'  is the compressive strength of the concrete (psi), ψt is a coefficient equal to 1.0 
except when there is at least 12 in. of freshly cast concrete below the steel bars, in which case ψt = 
1.3 (accounting for the negative impact on the bond between steel and concrete caused by rising air 
and water within a large mass of freshly-cast concrete), and db is the reinforcing bar diameter (in.). 
Some disclaimers: Where fy is greater than 60 ksi, the development length increases by 15 percent 
or 30 percent for Grade 80 and Grade 100 reinforcement respectively. The square root of fc’  in the 
equation cannot be taken greater than 100, an upper limit that only applies to concrete strengths 
greater than 10,000 psi. Equation 5.29 is often conservative, and a more complex version in the ACI 
Code might allow development lengths that are as much as 67% shorter under certain circumstances. 
On the other hand, using the simplified equation, but where the minimum conditions for spacing 
and stirrups (or ties) described above are not met, the development length in Equation 5.29 must 
be increased by a factor of 1.5. Where the bar size is smaller than No. 7, the development length is 
multiplied by 0.8. In no case may the development length be less than 12 in. Typical values for devel-
opment length are tabulated in Appendix Table 
A-5.10 for common bar sizes.

Development length is influenced primar-
ily by three factors: assuming adequate bar 
spacing and/or ties to prevent splitting of the 
concrete, the required development length be-
comes larger if the tensile strength of the con-
crete decreases (concrete’s tensile strength is 
proportional to the square root of its compres-
sive strength); the required development length 
also increases if the stress in the bar increases 
(that stress being at most equal to the yield 
stress of the steel); and the development length 
increases as well if the surface area of the bar 
decreases (the surface area being proportional 
to the bar diameter). These three parameters 
can all be found in Equation 5.29.

If we imagine an isolated and discrete con-
crete beam within a continuous concrete struc-
ture, it is easier to see where and how the con-
cept of development length becomes important. 

(5.29)ld =
fyψt

20√fc'
db

Figure 5.50: Clear cover and spacing requirements for 
reinforced concrete beams
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As can be seen in Figure 5.51, a typical reinforced concrete beam-girder “connection” must resist 
the shear force and bending moment that occur at the surface where they come together. The shear 
force is resisted through the shear resistance of the concrete itself, the longitudinal steel bars, and 
the steel ties or stirrups provided for that purpose (the latter not shown in Figure 5.51 for clarity). 
The bending moment, in turn, is resolved into a compressive force (the resultant of the stress dis-
tribution shown below the neutral axis for “negative” bending) and a tensile force (carried by the 
longitudinal steel reinforcement shown above the neutral axis). The compressive force presents no 
particular problems, as the concrete in the beam “pushes” against the concrete in the girder. The 
tensile force, however, could pull the bars out of the girder and beam, unless those bars develop 

Girder Beam

ldh ld

12db Girder Beam

(b)

(c)

Column

Slab

Girder

Beam
(a)

Figure 5.51: Development length of straight bars and standard hook: (a) section through typical slab and girder; (b) ex-
ploded view showing "connection" between beam and girder (with slab omitted for clarity); and (c) required develop-
ment length of hook (in girder) and straight bar (in beam)
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sufficient bond with the concrete to resist that tendency or are otherwise anchored into the con-
crete. In the case of the beam, sufficient space is available to develop that bond strength by making 
sure that the bars extend into the beam for a distance at least as great as the required development 
length, ld (see Equation 5.29). For an exterior girder, however, it is likely that sufficient space is not 
available, and a 90° or 180° hook is often required.

As shown in Figure 5.51c, a 90° hook must be extended a distance of 12db below the bent portion 
of the bar, which in turn is defined by an inner radius that cannot be less than 3db for bars smaller 
than No. 9; 4db for No. 9, No. 10, and No. 11 bars; and 5db for No. 14 and No. 18 bars. In these guide-
lines, db refers to the bar diameter. The required development length for such hooks, ldh, is given by 
the following equation for uncoated bars and normalweight concrete, with the most conservative 
assumptions regarding confinement and cover for the hooked bars: 				     	
			 

In this equation, ldh is the development length for hooks (in.), fy = the yield stress of the steel rein-
forcement (psi); fc'  is the compressive strength of the concrete (psi); and db is the bar diameter (in.). 
In no case may the development length for a hook be less than 8db or 6 in. Typical values are tabu-
lated in Appendix Table A-5.11 for common bar sizes.

It is possible to reduce this length if certain requirements are met that increase the level of con-
finement of the hook or provide more concrete cover, making it less likely to split the concrete: First, 
the tabular values for development length can be divided by 1.6 if the centerline spacing between 
hooked bars is at least 6db or if the total area of ties or stirrups confining the hooked bars is not less 
than 0.4 times the total area of the hooked bars. Second, the tabular values for development length 
can be divided by 1.25 if the cover on the side of the hooked bars (i.e., perpendicular to their longitu-
dinal direction) is at least equal to 6db or if the hooked bars are inside a column core with side cover 
at least equal to 2.5 in. Both of these modifications to development length for hooked bars can be 
taken if both criteria are met.

Example 5.9 Find required development length for straight bar and 90-degree hook in rein-
forced concrete structure

Problem definition. A reinforced concrete beam 
frames into an exterior girder, as shown in Fig-
ure 5.52, and the negative moment at the con-
nection is resisted using No. 8 bars with 6 in. 
clear spacing between them. The required area 
for each bar = 0.74 in2. As the beam frames into 
a girder, it can be assumed that there is at least 
6 in. of cover on the side of the hooked bars. 
Assume fc' = 4000 psi and fy = 60,000 psi. Find 
the required development length, ld, of the bars 
within the beam, the hook development length, 
ldh,  and hook extension beyond the bend, within 
the girder.

(5.30)ldh =
fy(fc’ /15,000+ 0.60) db

1.5

27.5√fc'

Figure 5.52: Required rebar development length for 
Example 5.9
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Solution overview. Find the nominal development lengths for a No. 8 bar, using 4000-psi concrete, in 
Appendix Table A-5.10 (for the beam) and Appendix Table A-5.11 (for the hook in the girder). Multi-
ply these base values by the appropriate factors shown in the notes below each table.

Problem solution
	 1.	 The nominal development length required for the No. 8 bar in the beam is 62 in. (Appendix 

Table A-5.10). This value is not divided by 1.3 (see Note 2) and also can be reduced by the ratio 
of required steel bar area to provided steel bar area = 0.74/0.79 = 0.937 (see Note 3), so that 
the final value for the required development length, ld = 62(0.937) = 58.1 in. or, rounded up to 
the nearest inch, 59 in. The required area for each bar = 0.74 in2 was given (or otherwise would 
be computed); the value for the provided steel bar area is simply the actual area of a No. 8 bar 
(see Appendix Table A-5.2). The computed development length exceeds the absolute minimum 
of 12 in. (see Note 5 in the table).

	 2.	 The nominal development length for the 90-degree hook in the beam is 30 in. (Appendix Table 
A-5.11). This value can be modified as follows: it can be divided by 1.6 since the 6 in. centerline 
spacing of the hooked bars is no less than 6db = 6 in. (see Note 4 in Appendix Table A-5.11); and 
it can be divided by 1.25 since the side cover is no less than 6db (see Note 5 in Appendix Table 
A-5.11). These reductions are cumulative, so the required development length for the hooked 
bar = 30 / (1.6 × 1.25) = 15 in. The actual dimensions of the girder would need to be able to ac-
commodate this required length. The computed development length for hooks exceeds the two 
absolute minimums (see Note 8 in Appendix Table A-5.11): 8db = 8(1.0) = 8 in., or 6 in. Check-
ing the minimum radius and minimum length of the “vertical” portion of the hook (see Note 5 
in the table), we see that the required extension of the bar below the bend is 12db = 12(1.0) = 
12 in. and the minimum inner radius for a No. 8 bar is 3db = 3(1.0) = 3 in.

There are two other requirements for tension reinforcement in continuous beams. First, for so-
called positive-moment reinforcement — where tension occurs at the bottom of reinforced concrete 
beams — one-fourth of the rebars need to be extended at least 6 in. into the supports at each end 
of the beam. Second, for negative-moment reinforcement — where tension occurs at the top of the 
beam, typically in the vicinity of supports — at least one-third of the rebars need to extend beyond 
the point of inflection (where the negative moment becomes zero and the curvature changes from 
negative to positive) a distance of either d, 12db, or ln /16, whichever is greater: d is the effective 
depth of the beam; db is the rebar diameter; and ln  is the clear span, measured between the faces 
of supports.

Development length, compression

For a steel reinforcing bar in compression, much of the stress in the steel can be transferred to the 
concrete through direct bearing of the bar end on the concrete. For that reason, the required devel-
opment length in compression, ldc, is smaller than that required when bars are stressed in tension, 
and is given by the greater of the following values:

					     ldc = 	        db and ldc = 0.0003fy db			   (5.31)
0.02fy

√fc'
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In these equations, ldc is the development length (in.) for normalweight concrete in compression; 
fy = the yield stress of the steel reinforcement (psi); fc'  is the compressive strength of the concrete 
(psi); and db is the bar diameter (in.). If lightweight concrete is used, the values for development 
length must be multiplied by 1.333. As with bars in tension, it is possible to reduce this required 
length by multiplying the greater value found in Equation 5.31 by the ratio of required steel bar area 
to provided steel bar area. In addition, the required development length may be multiplied by 0.75 
in columns with adequate spirals or ties (specifically, with a minimum ¼ in. spiral at no more than a 
4 in. pitch; or with No. 4 ties spaced at no more than 4 in. on center). In no case can the development 
length for compression be less than 8 in. Typical values are tabulated in Appendix Table A-5.12 for 
common bar sizes.

 
Bar splices in tension

Since the length of reinforcing bars is limited by manufacturing and transportation constraints, it is 
often necessary to splice them together, at least in cases where the continuity assumed in design 
indicates lengths greater than those available from a single bar. While it is possible to weld bars to-
gether, or to use special mechanical splicing devices, the most common method for creating continu-
ity between two bars in tension is by lapping them a sufficient distance so that tensile stresses can be 
transferred through the bond developed between the steel bars and adjacent concrete. For virtually 
all tension splices, the required lap distance is taken as 1.3ld, where the development length, ld, is 
defined as in Equation 5.29 (or as tabulated in Appendix Table A-5.10), except that the 12 in. mini-
mum length for ld does not apply (but there is still a minimum splice length of 12 in.), and a reduction 
of the development length based on the ratio of provided to required steel area is not permitted. 
There are some limits placed on larger bar sizes: No. 14 and No. 18 bars cannot be lap spliced in ten-
sion. 

Bar splices in compression

Columns are almost always cast floor by floor, with longitudinal reinforcement left extending verti-
cally beyond the current floor level, so that it can be spliced into the column steel for the next floor 
being cast. For fy  ≤ 60 ksi and fc'  ≥ 3000 psi, the required lap distance for compression is taken as:

			   required compressive lap distance = 0.0005fy db

This required lap distance equals 30db for 60 ksi steel bars, with an absolute minimum lap dis-
tance of 12 in. For rebars with fy  > 60 ksi, the required compressive lap distance is increased to 
(0.0009fy  – 24)db or, only for rebars with fy  > 80 ksi, to the larger of (0.0009fy  – 24)db and the re-
quired tension lap splice distance described above. In all these equations,  fy  is the yield stress of the 
steel reinforcement (psi); fc' is the compressive strength of the concrete (psi); and db is the bar diam-
eter (in.). It should be emphasized that in many reinforced concrete columns, especially those ex-
plicitly designed to resist bending moment as well as compressive force, a given lap splice may need 
to resist tension, compression, or both tension and compression, under different loading scenarios. 
For bars that resist only compression, and where confinement is provided by ties or spirals, it is pos-
sible to create splices, not by lapping the bars, but instead by placing their ends in contact so that 
they bear directly upon each other. However, even in such cases where no tension is anticipated, all 

(5.32)
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columns must maintain some ability to resist unexpected tension forces, so that either additional 
“tension” steel must be provided in such cases, or else compressive lap splices must be used (since 
compressive lap splices provide sufficient resistance to unexpected tension forces in the bars). The 
required length of column lap splices in compression may be reduced where sufficient confinement, 
in the form of ties or spirals, is provided. Specifically, where the bar area of a tie (taken as the total 
tie area cut in section, as shown in Figure 5.53) is greater or equal to 0.0015(h × s) — where h is the 
greater column cross-sectional thickness in inches, and s is the tie spacing in inches — the required 
lap distance may be multiplied by 0.83; with spirals, the required lap length may be multiplied by 
0.75. In any case, the lap length can never be taken less than 12 in. Limits placed on larger bars are 
relaxed somewhat for lap splices in compression: No. 14 and No. 18 bars cannot be lap spliced to 
each other, but may be lap spliced to No. 11 and smaller bars. In cases where two different bar sizes 
are lap spliced together in compression, the required splice length is found by (1) computing the 
required development length for the larger bar, (2) computing the required lap splice length for the 
smaller bar, and (3) using the larger of these two values.

Figure 5.53: Column lap splice parameters
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For a column resisting only compressive forces, the required lap length is determined for the bars 
originating in the upper column; the bars extended upwards from the lower column that terminate 
in the upper column must satisfy the requirements for compressive development length (Equation 
5.31). In practice, the larger of these two criteria (compressive development length for the lower 
bars and required lap splice length for the upper bars) determines the minimum splice length. Since 
loads typically are smaller in upper-level columns, it is possible that smaller bars sizes can be used 
in the upper columns; these smaller bars can be spliced with larger bars extending upward from 
the lower column. In such cases, different bar diameters, db, must be used in determining lap splice 
length and development length.

Example 5.10 Find required length of compression column splice in reinforced concrete struc-
ture

Problem definition. A 12 in. × 16 in. reinforced concrete column is configured as shown in Figure 5.53. 
The longitudinal (vertical) bars in the lower column consist of four No. 9 bars, which extend into the 
upper column. Four No. 8 bars originate in the upper column, and are spliced to the lower column 
bars as shown. The longitudinal steel is confined by No. 3 ties spaced at 9 in. on center. Assuming 
only compressive stress in the column, with fy = 60 ksi and fc'  = 3000 psi, what is the required splice 
length?

Solution overview. Find the compressive lap splice length based on the diameter of the No. 8 bars 
in the upper column. Find the required compressive development length based on the No. 9 bars 
extended into the upper column. Use the larger of these two values for the column splice length.

Problem solution
	 1.	 Lap splice. From Equation 5.32, the minimum lap splice length for the No. 8 bars = 0.0005fy db = 

0.0005(60,000 × 1.0) = 30 in. To check whether the 0.83 reduction factor may be used, it is nec-
essary to see if the No. 3 bar area for the ties is greater than or equal to 0.0015(h × s), where h = 
16 in. (the larger of the overall column dimensions) and s = 9 in. (the tie spacing). Using twice 
the area of a single tie (Appendix Table A-5.2), we find that 2(0.11) = 0.22 ≥ 0.0015(16 × 9) = 
0.216, so the lap splice length may be reduced to 30 × 0.83 = 24.9 in. or, rounding up, 25 in.

	 2.	 Development length. From Equation 5.31, we get:

	   	ldc  =                       (1.128) = 21.9 in. and 

		  ldc = 0.0003(60,000 × 1.128) = 20.3 in.

		  The bar diameter, db, is found in Appendix Table A-5.2. Using the larger value and rounding up, 
the minimum development length, ldc = 22 in. Because the tie spacing is greater than 4 in. on 
center, no reduction in development length may be taken.

	 3.	 Comparing the requirements for lap splice length and development length, the larger of the 
two values will be used: 25 in.

0.2 × 60,000
√3000
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Chapter 5 Appendix

Table A-5.1:  Dimensions of reinforced concrete beams, columns, and slabs
A. Cover requirements (from outside face of concrete to face of closest rebar)
Interior 1½ in. (or ¾ in. for slabs)

Exterior or exposed to ground 2 in. (or 1½ in. for No.5 bars or smaller)

Formed directly to ground 3 in.

B. Typical gross dimensions
Beams and columns Round to the nearest inch, or 2 in. increment, for all outside (gross) dimensions

Slabs Round to ½ in. increment (or 1 in. increment if over 6 in. thick)

Table A-5.2:  Steel reinforcement — rebar — areas (in2) for groups of bars
Designation and 
diameter

Number of bars

Bar 
No.1

SI 
Bar 
No.2

Dia. 
(in.)

1 2 3 4 5 6 7 8 9 10 11 12 14 16

3 10 0.375 0.11 No. 3 (10) bars are used primarily for ties and in slabs

4 13 0.500 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 2.20 2.40 2.80 3.20

5 16 0.625 0.31 0.62 0.93 1.24 1.55 1.86 2.17 2.48 2.79 3.10 3.41 3.72 4.34 4.96

6 19 0.750 0.44 0.88 1.32 1.76 2.20 2.64 3.08 3.52 3.96 4.40 4.84 5.28 6.16 7.04

7 22 0.875 0.60 1.20 1.80 2.40 3.00 3.60 4.20 4.80 5.40 6.00 6.60 7.20 8.40 9.60

8 25 1.000 0.79 1.58 2.37 3.16 3.95 4.74 5.53 6.32 7.11 7.90 8.69 9.48 11.06 12.64

9 29 1.128 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00 9.00 10.00 11.00 12.00 14.00 16.00

10 32 1.270 1.27 2.54 3.81 5.08 6.35 7.62 8.89 10.16 11.43 12.70 13.97 15.24 17.78 20.32

11 36 1.410 1.56 3.12 4.68 6.24 7.80 9.36 10.92 12.48 14.04 15.60 17.16 18.72 21.84 24.96
314 43 1.693 2.25 4.50 6.75 9.00 11.25 13.50 15.75 18.00 20.25 22.50 24.75 27.00 31.50 36.00
318 57 2.257 4.00 8.00 12.00 16.00 20.00 24.00 28.00 32.00 36.00 40.00 44.00 48.00 56.00 64.00

Notes:
1. Rebars in the US were traditionally designated by the nominal diameter (in.) multiplied by eight, so that a No. 3 bar, for example, has 
a nominal diameter of ⅜ in. Rebars are no longer marked using this designation (see Note 2).
2. Rebars are currently marked by the approximate number of millimeters in their diameter (SI units), although designation by nominal 
diameter (in.) multiplied by eight is still widely used in the US.
3. No. 14 and No. 18 bars are used primarily in columns.
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Table A-5.3:  Reinforced concrete minimum width or diameter (in.) based on bar spacing
A. Minimum width (in.) for beams3

Designation Number of bars in one line
Bar 
No.1

SI Bar 
No.2

2 3 4 5 6

4 13 6.33 8.17 10.00 11.83 13.67

5 16 6.58 8.54 10.50 12.46 14.42

6 19 6.83 8.92 11.00 13.08 15.17

7 22 7.08 9.29 11.50 13.71 15.92

8 25 7.33 9.67 12.00 14.33 16.67

9 29 7.58 10.04 12.50 14.96 17.42

10 32 7.83 10.42 13.00 15.58 18.17

11 36 8.13 10.88 13.63 16.38 19.13

B. Minimum width (in.) for tied columns3

Designation Number of bars in one line
Bar 
No.1

SI Bar 
No.2

2 3 4 5 6

4 13 6.50 8.50 10.50 12.50 14.50

5 16 6.75 8.88 11.00 13.13 15.25

6 19 7.00 9.25 11.50 13.75 16.00

7 22 7.25 9.63 12.00 14.38 16.75

8 25 7.50 10.00 12.50 15.00 17.50

9 29 7.94 10.75 13.56 16.38 19.19

10 32 8.38 11.50 14.63 17.75 20.88

11 36 8.81 12.25 15.69 19.13 22.56

14 43 10.13 14.50 18.88 23.25 27.63

18 57 11.88 17.50 23.13 28.75 34.38

C. Minimum diameter (in.) for spiral columns3

Designation Total number of bars in column
Bar 
No.1

SI Bar 
No.2

6 8 10 12 14

4 13 8.50 9.73 10.97 12.23 13.49

5 16 8.88 10.18 11.50 12.84 14.17

6 19 9.25 10.63 12.03 13.44 14.86

7 22 9.63 11.08 12.56 14.05 15.55

8 25 10.00 11.53 13.09 14.66 16.23

9 29 10.75 12.47 14.23 15.99 17.76

10 32 11.50 13.42 15.36 17.32 19.29

11 36 12.25 14.36 16.50 18.66 20.82

14 43 14.50 17.18 19.91 22.65 25.41

18 57 17.50 20.95 24.45 27.98 31.53

Notes:
1. Rebars in the United States were traditionally designated by the nominal diameter (in.) divided  by eight. Rebars are no longer marked 
using this designation.

Cover
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2. Rebars are currently designated (and marked) by the approximate number of millimeters (SI units) in their diameter.
3. These minimum dimensions assume 1 in. maximum aggregate; 1½ in. cover (measured from outside face of rebar or spiral to face 
of concrete); and ½ in.-diameter stirrups, ties, or spiral. Minimum widths or diameters are typically rounded up to nearest inch, or to the 
nearest even inch. The amount of column steel is also limited by the required reinforcement ratio, ρg, between 0.01 and 0.08.

Table A-5.4:  Specifications for steel ties and spirals in reinforced concrete columns
Ties
Use minimum No. 3 bars to confine longitudinal steel up to No. 10; use 
minimum No. 4 bars for No. 11, 14, and 18 longitudinal steel.
Center-to-center spacing of ties is the smaller of:
• 16 × longitudinal bar diameter
• 48 × tie bar diameter
• Smallest column dimension
Clear spacing of ties cannot be less than 4/3 of maximum aggregate size.

Ties must be arranged so that corner bars are bounded by a tie bent at 
a 90° angle, and alternate longitudinal bars (between the corners) are 
restrained by a tie bent to at least 135°.  No unsupported longitudinal bar 
shall be farther than 6 in. clear on either side of a laterally supported bar.

Spirals
Use a continuous bar or wire of at least ⅜-in. diameter, with the clear 
space measured between turns of the spiral no more than 3 in. and no 
less than 1 in or 4/3 of maximum aggregate size.  A minimum ratio, ρs, of 
the volume of spiral steel to the volume of concrete inside the spiral (the 
"core") is also specified: 
ρs = 0.45(Ag /Ac – 1)(fc' /fy) with fy ≤ 60 ksi, Ag  being the gross concrete area, 
and Ac being the area of the "core" within the spiral.

Table A-5.5:  Reinforced concrete strength reduction factors, ϕ and α
Type of behavior ϕ α1

Bending 20.9 n/a

Axial tension 0.9 n/a

Axial compression: spiral columns 30.75 0.85

Axial compression: tied columns 30.65 0.80

Shear 0.75 n/a

Notes:
1. α accounts for unintended eccentricity or bending moment.
2. ϕ decreases linearly from value listed above at εt = 0.005 to 0.65 or 0.75 (for tied or spiral lateral reinforcement respectively) at εt = 
0.002, where εt is the net tensile strain in the extreme tension steel (we assume "tension-controlled" sections in this text, with values of ϕ 
= 0.9 as shown).
3. ϕ increases linearly from value listed above at εt = 0.002 to 0.9 at εt = 0.005, where εt is the net tensile strain in the extreme tension 
steel for elements with combined compression and bending (this type of combined loading is beyond the scope of this book; in the prob-
lems considered herein, with only compressive stresses, the value of ϕ is as shown).

Table A-5.3 continued (Notes)
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Table A-5.6:  "Shear" equations for reinforced concrete beams1

Equation
A. Capacity of steel stirrups2 (lb)

B. Required stirrup spacing2 (in.)

C. Capacity of concrete (lb)3 Vc = 2bd√fc'

D. Strength design equation2 Vu ≤ ϕ(Vc + Vs)

E. Required steel capacity (lb) from strength design 
equation2

F. Maximum stirrup spacing3 (in.) For Vs ≤ 2Vc, the smaller of:
• d/2
• 24 in.
• Avfy /(0.75b × √fc' ) < Avfy /(50b) [see note 4]
For Vs > 2Vc, the smaller of:
• d/4
• 12 in.
• Avfy /(0.75b ×  √fc' ) < Avfy /(50b) [see note 4]

G. Design shear where no stirrups are needed2 (lb) Vu = 0.5ϕVc

Notes:
1. Units are as follows:
	 b = cross section width, or “web” width for T-beams (in.)
	 d = cross section effective depth (in.)
	 s = stirrup spacing (in.)
	 Av = total stirrup bar area, equal to 2As, including both "prongs" (in2)
	 fy = yield stress of steel stirrup (psi)
	 fc' = cylinder strength of concrete (psi)
	 Vu = design (factored) shear force (lb)
	 Vc = capacity of concrete to resist shear (lb)
	 Vs = capacity of steel stirrups to resist shear (lb)
	 ϕ = 0.75 for shear (see Appendix Table A-5.5)
2. Pound (lb) and pound per square inch (psi) units specified according to Note 1 may be changed to kips and ksi in these equations 
only. 
3. The concrete cylinder strength fc' must be in psi units in Appendix Table 5.6 part C (with the resulting value of Vc in lb units) and both 
the steel yield stress fy and the concrete cylinder strength fc' must be psi units in part F (with in. units resulting).
4. This limiting value for maximum spacing corresponds to the minimum amount of web steel required when Vu > 0.5ϕVc, except that it 
does not apply when the total beam depth (thickness, h) is less than 10 in. or, for T-beams, when the total beam depth is less than 24 in. 
and is also less than the larger of 2.5 × flange depth or 0.5 × the beam stem width.

Vs =
Avfy d

s

Vs

Avfy ds ≤

Vs ≥
Vu – Vcϕ
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Table A-5.7:  Approximate moment values for continuous reinforced concrete beams and slabs1

End restraints for two spans Positive moment Negative moment
End span End span

At interior 
support2

At exterior 
support2

Discontinuous end 
unrestrained

	 wuln2/11 n/a n/a

Discontinuous end restrained by spandrel girder 	 wuln2/14 wuln2/9 wuln2/24

Discontinuous end restrained by column 	 wuln2/14 wuln2/9 wuln2/16

End restraints for three or more spans Positive moment Negative moment
Interior 
span

End span Typical 
interior 
support2

End span
At interior 
support2

At exterior 
support2

Discontinuous end unrestrained wuln2/16 wuln2/11 n/a n/a n/a

Discontinuous end restrained by spandrel girder wuln2/16 wuln2/14 wuln2/11 wuln2/10 wuln2/24

Discontinuous end restrained by column wuln2/16 wuln2/14 wuln2/11 wuln2/10 wuln2/16

Notes:
1. The units for uniformly distributed design load, wu, are typically lb/ft or kips/ft; the units for clear span, ln, are feet; and the resulting 
moment value, Mu is in ft-lb or ft-kips depending on the units chosen for the distributed load. These moment values are valid only for 
continuous reinforced concrete beams or slabs when the following conditions are met: 
	 a. Lengths of adjacent spans do not differ by more than 20%.
	 b. The unfactored live load is less than or equal to 3 times the unfactored dead load.
2. The negative moment (at the face of support) can be taken as wuln2/12 for slabs with clear spans no greater than 10 ft, and for beams 
framing into relatively stiff columns (specifically, the sum of column stiffness divided by the sum of beam stiffness at each end of the 
beam must be greater than 8). Stiffness is the product of modulus of elasticity and moment of inertia, neither of which are straightfor-
ward quantities for structural elements consisting of two materials bonded together. For normalweight concrete, the modulus of elasticity, 
Ec (psi), may be taken as 57,000√fc' , where the cylinder strength of concrete, fc', is in psi units. The calculation of moment of inertia is left 
to the designer, with the American Concrete Institute (ACI) permitting any “reasonable and consistent assumptions." One suggestion is 
to use gross EcI values for both beams and columns. Where Ec is the same for all members, a typical joint with columns and beams at 
all four orthogonal points, and constant width for column and beam sections, would qualify for the wuln2/12 negative beam moment only 
when the column thickness at that joint becomes more than twice the beam thickness. 

Numbers on beams refer to moment value coefficient, x, in the equation: Mu =
wulu

2

x

Integral with column

Unrestrained
Integral with spandrel
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Table A-5.8:  Limits on steel ratio for "tension-controlled" reinforced concrete beams1,2,3

fc' (psi) Limits on steel ratio, ρmin – ρmax

3000 0.00333 – 0.01350

4000 0.00333 – 0.01810

5000 0.00354 – 0.02130

Notes:
1. Values are for fy = 60 ksi, ϕ = 0.9, and steel strain, εt = 0.005 for ρmax.
2. Values for maximum steel ratio apply to all beams and one-way slabs; values for minimum steel ratio apply only to rectangu-
lar beams and negative-moment indeterminate T-beams; the minimum steel ratio for positive moment T-beams is ρmin = 0.00333/
(b/bw) for f’c = 3000 psi and 4000 psi, and 0.00354/(b/bw) for f’c = 5000 psi; and the minimum steel ratio for one-way slabs is 
ρmin = 0.00180/(h/d). For details, see Appendix Table A-5.9 Part d.
3. It is permitted to reduce the amount of steel below the minimum values stipulated for beams, as long as the steel area provided is at 
least one-third greater than the steel area required by analysis.
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Table A-5.9:  Values of R and ρ for reinforced concrete beams, T-beams, and one-way slabs (using 60 ksi steel)1,2

a) fc’ = 5 ksi and fy = 60 ksi
R and ρ for positive-moment T-beams and slabs R and ρ

ρmin defined as  As / (bd)

ρmin for pos.-moment T-beam with b/bw = 11.50 0.0184 0.000308 0.2071 0.00354 0.7449 0.01375

ρmin for pos.-moment T-beam with b/bw = 11.00 0.0193 0.000322 0.2190 0.00375 0.7570 0.01400

ρmin for pos.-moment T-beam with b/bw = 10.50 0.0202 0.000337 0.2332 0.00400 0.7690 0.01425

ρmin for pos.-moment T-beam with b/bw = 10.00 0.0212 0.000354 0.2474 0.00425 0.7810 0.01450

ρmin for pos.-moment T-beam with b/bw = 9.50 0.0223 0.000373 0.2614 0.00450 0.7929 0.01475

ρmin for pos.-moment T-beam with b/bw = 9.00 0.0235 0.000393 0.2754 0.00475 0.8047 0.01500

ρmin for pos.-moment T-beam with b/bw = 8.50 0.0249 0.000416 0.2894 0.00500 0.8165 0.01525

ρmin for pos.-moment T-beam with b/bw = 8.00 0.0265 0.000443 0.3033 0.00525 0.8282 0.01550

ρmin for pos.-moment T-beam with b/bw = 7.50 0.0282 0.000472 0.3172 0.00550 0.8399 0.01575

ρmin for pos.-moment T-beam with b/bw = 7.00 0.0303 0.000506 0.3310 0.00575 0.8516 0.01600

ρmin for pos.-moment T-beam with b/bw = 6.50 0.0326 0.000545 0.3448 0.00600 0.8632 0.01625

ρmin for pos.-moment T-beam with b/bw = 6.00 0.0353 0.000590 0.3585 0.00625 0.8747 0.01650

ρmin for pos.-moment T-beam with b/bw = 5.75 0.0368 0.000616 0.3721 0.00650 0.8862 0.01675

ρmin for pos.-moment T-beam with b/bw = 5.50 0.0385 0.000644 0.3857 0.00675 0.8976 0.01700

ρmin for pos.-moment T-beam with b/bw = 5.25 0.0402 0.000674 0.3992 0.00700 0.9090 0.01725

ρmin for pos.-moment T-beam with b/bw = 5.00 0.0423 0.000708 0.4127 0.00725 0.9203 0.01750

ρmin for pos.-moment T-beam with b/bw = 4.75 0.0445 0.000745 0.4262 0.00750 0.9316 0.01775

ρmin for pos.-moment T-beam with b/bw = 4.50 0.0470 0.000787 0.4396 0.00775 0.9428 0.01800

ρmin for pos.-moment T-beam with b/bw = 4.25 0.0497 0.000833 0.4529 0.00800 0.9472 0.01810

ρmin for pos.-moment T-beam with b/bw = 4.00 0.0528 0.000885 0.4662 0.00825 0.9539 0.01825

ρmin for pos.-moment T-beam with b/bw = 3.75 0.0563 0.000944 0.4794 0.00850 0.9650 0.01850

ρmin for pos.-moment T-beam with b/bw = 3.50 0.0602 0.001011 0.4926 0.00875 0.9761 0.01875

ρmin for pos.-moment T-beam with b/bw = 3.25 0.0648 0.001089 0.5057 0.00900 0.9871 0.01900

ρmin for pos.-moment T-beam with b/bw = 3.00 0.0702 0.001180 0.5188 0.00925 0.9981 0.01925

ρmin for pos.-moment T-beam with b/bw = 2.75 0.0765 0.001287 0.5318 0.00950 1.0090 0.01950

ρmin for pos.-moment T-beam with b/bw = 2.50 0.0841 0.001416 0.5447 0.00975 1.0198 0.01975

ρmin for pos.-moment T-beam with b/bw = 2.25 0.0933 0.001573 0.5576 0.01000 1.0306 0.02000

ρmin for pos.-moment T-beam with b/bw = 2.00 0.1049 0.001770 0.5705 0.01025 1.0413 0.02025

ρmin for slabs with thickness, h = 12 0.1162 0.001964 0.5833 0.01050 1.0520 0.02050

ρmin for slabs with thickness, h = 11 0.1171 0.00198 0.5961 0.01075 1.0626 0.02075

ρmin for slabs with thickness, h = 10 0.1183 0.002 0.6088 0.01100 1.0732 0.02100

ρmin for slabs with thickness, h = 9 0.1198 0.002025 0.6214 0.01125 1.0838 0.02125

ρmin for slabs with thickness, h = 8 0.1216 0.002057 0.6340 0.01150 1.0858 0.02130

ρmin for slabs with thickness, h = 7 0.1241 0.0021 0.6465 0.01175 — —

ρmin for slabs with thickness, h = 6 0.1276 0.00216 0.6590 0.01200 — —

ρmin for slabs with thickness, h = 5.5 0.1300 0.0022 0.6714 0.01225 — —

ρmin for slabs with thickness, h = 5 0.1329 0.00225 0.6838 0.01250 — —

ρmin for slabs with thickness, h = 4.5 0.1366 0.002314 0.6962 0.01275 — —

ρmin for slabs with thickness, h = 4 0.1416 0.0024 0.7084 0.01300 — —

ρmin for slabs with thickness, h = 3.5 0.1485 0.00252 0.7206 0.01325 — —

ρmin for slabs with thickness, h = 3 0.1589 0.0027 0.7328 0.01350 — —

R ρ R ρ R ρ

(continued)
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Table A-5.9 (continued) 
b) fc’ = 4 ksi and fy = 60 ksi

R and ρ for positive-moment T-beams and slabs R and ρ

ρmin defined as  As / (bd)

ρmin for pos.-moment T-beam with b/bw = 11.50 0.0174 0.000290 0.1939 0.00333 0.7135 0.01350

ρmin for pos.-moment T-beam with b/bw = 11.00 0.0181 0.000303 0.2058 0.00354 0.7249 0.01375

ρmin for pos.-moment T-beam with b/bw = 10.50 0.0190 0.000317 0.2176 0.00375 0.7362 0.01400

ρmin for pos.-moment T-beam with b/bw = 10.00 0.0199 0.000333 0.2315 0.00400 0.7475 0.01425

ρmin for pos.-moment T-beam with b/bw = 9.50 0.0210 0.000351 0.2454 0.00425 0.7587 0.01450

ρmin for pos.-moment T-beam with b/bw = 9.00 0.0221 0.000370 0.2593 0.00450 0.7698 0.01475

ρmin for pos.-moment T-beam with b/bw = 8.50 0.0234 0.000392 0.2731 0.00475 0.7809 0.01500

ρmin for pos.-moment T-beam with b/bw = 8.00 0.0249 0.000416 0.2868 0.00500 0.7919 0.01525

ρmin for pos.-moment T-beam with b/bw = 7.50 0.0265 0.000444 0.3004 0.00525 0.8028 0.01550

ρmin for pos.-moment T-beam with b/bw = 7.00 0.0284 0.000476 0.3140 0.00550 0.8137 0.01575

ρmin for pos.-moment T-beam with b/bw = 6.50 0.0306 0.000512 0.3275 0.00575 0.8245 0.01600

ρmin for pos.-moment T-beam with b/bw = 6.00 0.0331 0.000555 0.3409 0.00600 0.8352 0.01625

ρmin for pos.-moment T-beam with b/bw = 5.75 0.0346 0.000579 0.3543 0.00625 0.8459 0.01650

ρmin for pos.-moment T-beam with b/bw = 5.50 0.0361 0.000605 0.3676 0.00650 0.8565 0.01675

ρmin for pos.-moment T-beam with b/bw = 5.25 0.0378 0.000634 0.3809 0.00675 0.8670 0.01700

ρmin for pos.-moment T-beam with b/bw = 5.00 0.0397 0.000666 0.3941 0.00700 0.8775 0.01725

ρmin for pos.-moment T-beam with b/bw = 4.75 0.0418 0.000701 0.4072 0.00725 0.8879 0.01750

ρmin for pos.-moment T-beam with b/bw = 4.50 0.0441 0.000740 0.4202 0.00750 0.8982 0.01775

ρmin for pos.-moment T-beam with b/bw = 4.25 0.0467 0.000784 0.4332 0.00775 0.9085 0.01800

ρmin for pos.-moment T-beam with b/bw = 4.00 0.0496 0.000833 0.4461 0.00800 0.9126 0.01810

ρmin for pos.-moment T-beam with b/bw = 3.75 0.0529 0.000888 0.4590 0.00825 — —

ρmin for pos.-moment T-beam with b/bw = 3.50 0.0566 0.000951 0.4718 0.00850 — —

ρmin for pos.-moment T-beam with b/bw = 3.25 0.0609 0.001025 0.4845 0.00875 — —

ρmin for pos.-moment T-beam with b/bw = 3.00 0.0659 0.001110 0.4971 0.00900 — —

ρmin for pos.-moment T-beam with b/bw = 2.75 0.0719 0.001211 0.5097 0.00925 — —

ρmin for pos.-moment T-beam with b/bw = 2.50 0.0790 0.001332 0.5222 0.00950 — —

ρmin for pos.-moment T-beam with b/bw = 2.25 0.0876 0.001480 0.5347 0.00975 — —

ρmin for pos.-moment T-beam with b/bw = 2.00 0.0984 0.001665 0.5471 0.01000 — —

ρmin for slabs with thickness, h = 12 0.1158 0.001964 0.5594 0.01025 — —

ρmin for slabs with thickness, h = 11 0.1167 0.001980 0.5716 0.01050 — —

ρmin for slabs with thickness, h = 10 0.1179 0.002000 0.5838 0.01075 — —

ρmin for slabs with thickness, h = 9 0.1193 0.002025 0.5959 0.01100 — —

ρmin for slabs with thickness, h = 8 0.1212 0.002057 0.6080 0.01125 — —

ρmin for slabs with thickness, h = 7 0.1237 0.002100 0.6200 0.01150 — —

ρmin for slabs with thickness, h = 6 0.1271 0.002160 0.6319 0.01175 — —

ρmin for slabs with thickness, h = 5.5 0.1294 0.002200 0.6438 0.01200 — —

ρmin for slabs with thickness, h = 5 0.1323 0.002250 0.6556 0.01225 — —

ρmin for slabs with thickness, h = 4.5 0.1360 0.002314 0.6673 0.01250 — —

ρmin for slabs with thickness, h = 4 0.1410 0.002400 0.6789 0.01275 — —

ρmin for slabs with thickness, h = 3.5 0.1478 0.002520 0.6905 0.01300 — —

ρmin for slabs with thickness, h = 3 0.1581 0.002700 0.7021 0.01325 — —

R ρ R ρ R ρR ρ R ρ R ρ

(continued)
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Table A-5.9 (continued) 
c) fc’ = 3 ksi and fy = 60 ksi

R and ρ for positive-moment T-beams and slabs R and ρ

ρmin defined as  As / (bd)

ρmin for pos.-moment T-beam with b/bw = 11.50 0.0173 0.000290 0.1920 0.00333

ρmin for pos.-moment T-beam with b/bw = 11.00 0.0181 0.000303 0.2151 0.00375

ρmin for pos.-moment T-beam with b/bw = 10.50 0.0189 0.000317 0.2287 0.00400

ρmin for pos.-moment T-beam with b/bw = 10.00 0.0199 0.000333 0.2423 0.00425

ρmin for pos.-moment T-beam with b/bw = 9.50 0.0210 0.000351 0.2557 0.00450

ρmin for pos.-moment T-beam with b/bw = 9.00 0.0221 0.000370 0.2691 0.00475

ρmin for pos.-moment T-beam with b/bw = 8.50 0.0234 0.000392 0.2824 0.00500

ρmin for pos.-moment T-beam with b/bw = 8.00 0.0248 0.000416 0.2955 0.00525

ρmin for pos.-moment T-beam with b/bw = 7.50 0.0265 0.000444 0.3086 0.00550

ρmin for pos.-moment T-beam with b/bw = 7.00 0.0284 0.000476 0.3217 0.00575

ρmin for pos.-moment T-beam with b/bw = 6.50 0.0305 0.000512 0.3346 0.00600

ρmin for pos.-moment T-beam with b/bw = 6.00 0.0331 0.000555 0.3474 0.00625

ρmin for pos.-moment T-beam with b/bw = 5.75 0.0345 0.000579 0.3602 0.00650

ρmin for pos.-moment T-beam with b/bw = 5.50 0.0360 0.000605 0.3728 0.00675

ρmin for pos.-moment T-beam with b/bw = 5.25 0.0378 0.000634 0.3854 0.00700

ρmin for pos.-moment T-beam with b/bw = 5.00 0.0396 0.000666 0.3979 0.00725

ρmin for pos.-moment T-beam with b/bw = 4.75 0.0417 0.000701 0.4103 0.00750

ρmin for pos.-moment T-beam with b/bw = 4.50 0.0440 0.000740 0.4226 0.00775

ρmin for pos.-moment T-beam with b/bw = 4.25 0.0466 0.000784 0.4348 0.00800

ρmin for pos.-moment T-beam with b/bw = 4.00 0.0495 0.000833 0.4470 0.00825

ρmin for pos.-moment T-beam with b/bw = 3.75 0.0527 0.000888 0.4590 0.00850

ρmin for pos.-moment T-beam with b/bw = 3.50 0.0564 0.000951 0.4710 0.00875

ρmin for pos.-moment T-beam with b/bw = 3.25 0.0608 0.001025 0.4828 0.00900

ρmin for pos.-moment T-beam with b/bw = 3.00 0.0657 0.001110 0.4946 0.00925

ρmin for pos.-moment T-beam with b/bw = 2.75 0.0716 0.001211 0.5063 0.00950

ρmin for pos.-moment T-beam with b/bw = 2.50 0.0787 0.001332 0.5179 0.00975

ρmin for pos.-moment T-beam with b/bw = 2.25 0.0873 0.001480 0.5294 0.01000

ρmin for pos.-moment T-beam with b/bw = 2.00 0.0979 0.001665 0.5408 0.01025

ρmin for slabs with thickness, h = 12 0.1151 0.001964 0.5522 0.01050

ρmin for slabs with thickness, h = 11 0.1160 0.001980 0.5634 0.01075

ρmin for slabs with thickness, h = 10 0.1172 0.002000 0.5746 0.01100

ρmin for slabs with thickness, h = 9 0.1186 0.002025 0.5857 0.01125

ρmin for slabs with thickness, h = 8 0.1204 0.002057 0.5966 0.01150

ρmin for slabs with thickness, h = 7 0.1229 0.002100 0.6075 0.01175

ρmin for slabs with thickness, h = 6 0.1263 0.002160 0.6184 0.01200

ρmin for slabs with thickness, h = 5.5 0.1286 0.002200 0.6291 0.01225

ρmin for slabs with thickness, h = 5 0.1314 0.002250 0.6397 0.01250

ρmin for slabs with thickness, h = 4.5 0.1351 0.002314 0.6503 0.01275

ρmin for slabs with thickness, h = 4 0.1399 0.002400 0.6607 0.01300

ρmin for slabs with thickness, h = 3.5 0.1467 0.002520 0.6711 0.01325

ρmin for slabs with thickness, h = 3 0.1569 0.002700 0.6814 0.01350

R ρR ρ R ρ

(continued)
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Table A-5.9 (continued)
d) Notes for minimum and maximum steel ratio, ρmin and ρmax

Minimum steel ratio for rectangular beams and 
negative-moment, indeterminate T-beams:
	
b/bw = 1.0 
For fc' = 3 or 4 ksi, ρmin = 0.00333
For fc' = 5 ksi, ρmin = 0.00354

Minimum steel ratio for positive-moment T-beams:

For fc' = 3 or 4 ksi ρmin =                

For fc' = 5 ksi, ρmin =

The effective width, b, of a positive-moment T-beam is smaller of the 
following:
	 b = web width + ¼ clear beam span
	 b = centerline distance between beams
	 b = web width + 16 times slab thickness

Minimum steel ratio for negative-moment determinate T-beams
(e.g., precast sections and cantilevers):

For b/bw > 2, ρmin = 0.00667(bw/b) for fc’ = 3 or 4 ksi; and ρmin = 0.00708 (bw/b) for fc’ = 5 ksi.

For b/bw < 2, ρmin = 0.00333 for fc’ = 3 or 4 ksi; and ρmin = 0.00354 for fc’ = 5 ksi.

Minimum steel ratio for 1-way slabs:
ρmin = 0.00180(h/d) for slabs; the same steel ratio applies to shrinkage and temperature
control steel perpendicular to slab longitudinal bar.

Maximum steel ratio:
	 ρmax = 0.01350 for fc' = 3 ksi
	 ρmax = 0.01810 for fc' = 4 ksi
	 ρmax = 0.02130 for fc' = 5 ksi

Note:
1. Mu ≤ ϕbd 2R, where ϕ = 0.9, R = ρfy (1 - 0.5882ρfy / fc' ), and ρ = As /bd. When using this table, R, fy, and fc' are in ksi units; b is the 
effective flange width (or effective width); bw is the beam stem or web width; and d is the effective depth, all in inch units. For positive-
moment T-beams, results are valid only when the compressive stress block depth, a = ρfy d/(0.85fc' ) ≤ slab thickness, h. Steel strain at 
failure, εt = 0.005 for ρmax (that is, only tension-controlled sections are considered).
2. The values for ρmin tabulated for slabs assume that the slab effective depth, d, is equal to the slab thickness, h – 1 (inch units).

b = bw

d

Positive moment 
rectangular beam

d d

b = bwb = bw

Negative moment 
rectangular beam

Negative moment 
indetermiate T-beam

b

bw

a h

d

0.00333
b/bw

0.00354
b/bw

bw

b

d
d h
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Table A-5.10:  Development length in inches, ld, for 60 ksi deformed bars in tension, uncoated, normalweight concrete, 
with adequate spacing and/or stirrups and at least 12 in. of fresh concrete below the tension bars 1,2,3,4,5

fc' (psi) Bar number [“in-lb” designation, with nominal diameter (in.) = bar number/8]
3 4 5 6 7 8 9 10 11 14 18

3000 27 36 45 53 62 71 80 90 100 121 161

4000 23 31 39 46 54 62 70 78 87 104 139

5000 21 28 34 41 48 55 62 70 78 93 124

Notes:
1. Bars must have a clear space between them at least equal to twice the bar diameter, that is, at least equal to 2db, and a clear cover at 
least equal to the bar diameter, db. Alternatively, if adequate stirrups or ties are used throughout the development length region to con-
fine the bars and prevent splitting of the concrete, the minimum clear spacing requirement may be reduced to db. For bars not meeting 
these conditions, multiply values by 1.5.
2. Values assume “top” bars in tension with at least 12 in. of freshly-placed concrete below them; for “bottom” bars in tension (that is, 
bars placed for positive moment in beams), divide values by 1.3.
3. The development length may be reduced if the steel bar area provided is greater than the bar area required by multiplying the tabular 
value by the ratio of bar area required to bar area provided.
4. All of the modifications mentioned in Notes 1 and 2 are cumulative; that is, a value may be multiplied by one or more of the applicable 
modification factors.
5. In any case, the development length, ld, cannot be less than 12 in.

Table A-5.11:  Development length for 60 ksi standard hooks in inches, ldh, for uncoated bars, normalweight 
concrete1,2,3,4,5,6,7,8

fc' (psi) Bar number [“in-lb” designation, with nominal diameter (in.) = bar number/8]
3 4 5 6 7 8 9 10 11 14 18

3000 7 11 16 21 26 32 38 46 53 70 108

4000 7 11 15 19 24 30 36 43 50 66 101

5000 7 10 14 19 24 29 35 41 48 63 98

Notes:
1. Development lengths must be multiplied by 1.333 where lightweight concrete is used.
2. Development lengths must be multiplied by 1.20 where epoxy-coated or zinc and epoxy dual-coated reinforcement is used.
3. Unlike the case for deformed bars in tension (Appendix Table A-5.10), the development length may not be reduced if the steel bar 
area provided is greater than the bar area required.
4. For hooked bars no greater in size than No. 11, the development length may be divided by 1.6 if the centerline spacing between 
hooked bars is at least 6db or if the total area of ties or stirrups confining the hooked bars is not less than 0.4 times the total area of the 
hooked bars
5. For hooked bars no greater in size than No. 11, the development length can be divided by 1.25 if the cover on the side of the hooked 
bars (i.e., perpendicular to their longitudinal direction) is at least equal to 6db or if the hooked bars are inside a column core with side 
cover at least equal to 2.5 in.
6. All of the modifications mentioned in Notes 1 and 2 are cumulative; that is, a value may be multiplied by one or more of the applicable 
modification factors.
7. A 90° hook must be extended a distance of 12db below the bent portion of the bar, which in turn is defined by an inner radius that can-
not be less than 3db for bars smaller than No. 9; 4db for No. 9, No. 10, and No. 11 bars; and 5db for No. 14 and No. 18 bars.
8. In any case, the development length for hooks, ldh, cannot be less than 8db or 6 in.
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Table A-5.12:  Development length in inches, ldc, for 60 ksi deformed bars in compression1,2,3,4

fc' (psi) Bar number [“in-lb” designation, with nominal diameter (in.) = bar number/8]
3 4 5 6 7 8 9 10 11 14 18

3000 9 11 14 17 20 22 25 28 31 38 50

4000 8 10 12 15 17 19 22 25 27 33 43

5000 8 9 12 14 16 18 21 23 26 31 41

Notes:
1. Values may be multiplied by 0.75 where adequately confined by a spiral or ties (specifically, with a minimum ¼ in. spiral at no more 
than a 4 in. pitch; or with No. 4 ties spaced at no more than 4 in. on center).
2. Values may be multiplied by the ratio of required steel bar area to provided steel bar area, except in cases where the anchorage is 
required to reach the yield stress, fy, or in certain high-risk seismic zones.
3. All of the modifications mentioned in Notes 1and 2 are cumulative; that is, a value may be multiplied by one or both of the applicable 
modification factors.
4. In any case, the development length for compression, ldc, cannot be less than 8 in.

Table A-5.13:  Recommended minimum thickness (in.) of reinforced concrete beams and slabs for deflection control1,2

Beams L / 16 L / 18.5 L / 21 L / 8

Slabs L / 20 L / 24 L / 28 L / 10

Notes:
1. Beam diagram symbols in top row of tables represent the following conditions (from left to right): simply-supported; one end pinned 
and one end continuous; both ends continuous; and cantilever.
2. L = span (in.)
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Unit abbreviations and conversion
Unit abbreviations
SI (international system) units Inch-pound units
m = meter
mm = millimeter
MPa = megapascal
N = newton
kN = kilonewton
kg = kilogram
km/h = kilometers per hour

in. = inch
ft = foot
kip is unabbreviated
lb = pound
psi = pounds per square inch
ksi = kips per square inch
psf = pounds per square foot
pcf = pounds per cubic foot
mph = miles per hour

Conversions from SI (international system) to inch-pound units
Length, area, volume,
section modulus, and
moment of inertia

Weight, moment, and speed Pressure, load per unit length, and 
density

1 m = 3.2808 ft
1 mm = 0.03934 in.
1 mm2 = 0.00155 in2

1 m2 = 10.7639 ft2

1 m3 = 35.3147 ft3

1 mm3 = 6.1024 x 10-5 in3

1 mm4 = 2.4025 x 10-6 in4

1 N = 0.2248 lb
1 kN = 0.2248 kips
1 N-m = 0.738 ft-lb
1 kN-m = 0.738 ft-kips
1 N-m = 8.850 in-lb
1 kN-m = 8.850 in-kips
1 km/h = 0.6214 mph

1 MPa = 145.0377 psi
1 MPa = 0.1450 ksi
1 kN/m = 0.0685 kips/ft
1 kN/m2 = 20.8854 psf
1 kg/m3 = 0.0624 pcf

Conversions from inch-pound  to SI (international system) units
Length, area, volume,
section modulus, and
moment of inertia

Weight, moment, and speed Pressure, load per unit length, and 
density

1 ft = 0.3048 m
1 in = 25.40 mm
1 in2 = 645.16 mm2

1 ft2 = 0.0929 m2

1 ft3 = 0.0283 m3

1 in3 = 16,387 mm3

1 in4 = 416,231 mm4

1 lb = 4.4482 N
1 kip = 4.4482 kN
1 ft-lb = 1.3558 N-m
1 ft-kip = 1.3558 kN-m
1 in-lb = 0.11298 N-m
1 in-kip = 0.11298 kN-m
1 mph = 1.609 km/h

1 psi = 0.006895 MPa
1 ksi = 6.895 MPa
1 kip/ft = 14.59 kN/m
1 psf = 0.0479 kN/m2

1 pcf = 16.03 kg/m3
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Glossary
about [as in: compute moment about the neutral axis] prep. the term “about” is equivalent to saying: “by measuring 

moment arms perpendicularly from each force to.”

aggregate n. Stone selected for use in concrete, consisting of various grades, or sizes, from course (gravel) to fine (sand).

axial force n. A force parallel to the longitudinal axis of a structural element.

balloon frame n. A type of light wood-frame construction characterized by the use of dimension lumber for continu-
ous vertical studs (2x4 or 2x6 at 16 in. or 24 in. on center) and closely spaced joists and rafters; largely superseded by 
platform frame construction.

beams and stringers n. A subcategory of “timbers,”  refers to lumber whose smaller nominal cross-sectional dimen-
sion exceeds 4 in. and whose larger nominal cross-sectional dimension is at least 4 in. bigger than the smaller dimen-
sion, thereby forming a rectangular shape appropriate for use as a beam, but not limited to that use.

bearing ger. The force exerted, in compression, by the surface of a structural element in contact with (that is, pressing 
against) the surface of another element.

bending moment n. An effect on a structural element caused by the action of at least two parallel force components 
that are not co-linear, and resulting in a distribution of stress within the element’s cross section characterized by 
maximum stress at the “extreme fibers” (opposite edges) and zero stress at the neutral axis.

bolt n. A type of fastener used in both wood and steel construction consisting of a head and threaded shank, onto which 
is placed a nut; bolts are first inserted into a bolt hole before being tightened.

brittle adj. Lacking ductility, that is, lacking the ability to absorb energy, therefore being susceptible to catastrophic and 
sudden failure, especially under dynamic loading.

cantilevered beam n. A beam which extends beyond one or both of its supports.

cast iron n. An alloy of iron with very high carbon content; used most famously in the nineteenth century for structural 
columns, but largely superseded by steel in the early twentieth century.

cellulose n. An organic compound consisting of hundreds of linked and linear glucose units comprising about half the 
content of wood.

compact section n. Steel shapes proportioned so that, when used in bending, the strength and reserve capacity of 
the element will not be compromised by local flange or web buckling within those portions of the cross section sub-
jected to compressive stress; this is primarily a function of the relative thickness of flanges and webs; for noncompact 
shapes, the available strength is reduced.

conifer n. A type of cone-bearing tree, one of the gymnosperms, including the most common structural lumbers: firs, 
pines, hemlocks, redwoods, larches, etc.

continuous beam n. Any beam that extends over more than two supports, and is therefore statically indeterminate.

couple [of equal and opposite forces on a cross section in bending] n. Two equal and opposite forces, F, separated by a 
moment arm, τ (that is., two such forces that are not co-linear), and therefore causing a moment, M = F × τ.
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curing [of concrete] ger. The chemical process by which concrete hardens; the reaction of portland cement and water 
within the concrete mix.

cylinder strength [of concrete] n. The compressive stress at which a 6 in. × 12 in. cylinder of concrete, which has cured 
for 28 days, fractures.

decay n. The deterioration of wood caused by fungi; occurs when wood is wet or moist, temperatures are suitable, and 
oxygen (air) is available.

deflection n. The movement measured perpendicular to the longitudinal axis of a structural element under load, typi-
cally a beam; the term usually refers to the maximum deflection, often at midspan.

determinate adj. Pertaining to a class of structures whose reactions can be determined using only equations of equi-
librium; includes simply-supported beams, cables, three-hinged arches, and  pinned trusses formed from simple 
triangles.

development length n. For reinforcement in reinforced concrete structures, the minimum bar length such that any 
tendency for the bar to slip relative to the concrete is counteracted.

dimension lumber n. Lumber whose smaller nominal cross-sectional dimension is 4 in. or less; used extensively in 
light wood framing.

ductile adj. Having the capacity to absorb energy without fracturing; a quality of steel, but not of cast iron; of wood (in 
compression), but not of unreinforced concrete or masonry; see brittle.

effective length n. The length of a compressive element with simple (pinned) constraints whose strength is identical to 
an otherwise similar compressive element with at least one non-pinned constraint.

elastic [behavior of material] adj. A material property characterized by a return to the initial shape after a load is first 
applied and then removed; associated with linear stress-strain behavior.

 
elastic moment n. The largest bending moment that can be sustained by a structural element such that all stresses 

within a given cross section are within the elastic range; in steel, the distribution of stresses coinciding with an elastic 
moment are linear, with a maximum value equal to the yield stress, Fy.

equilibrium n. A state of “rest,” or balance, characterized by the sum of all forces in any direction being zero and the 
sum of all moments about any axis being zero; in a “plane” (two-dimensional) structure, conditions of static equilib-
rium are met when all forces in the x- and y-directions (that is, those axes that define the plane in which the structural 
element exists) equal zero, and all moments about the z-axis equal zero.

free-body diagram n. [FBD] A diagram of a structural element (or portion thereof) abstracted from its context,  togeth-
er with all forces and moment acting on the element, both externally (ordinary loads and reactions) and internally (at 
cross sections where the element has been “cut,” representing internal shears, axial forces, and bending moments).

force n. A vector with magnitude and direction represented by an arrow, ordinarily described as a load or weight, and 
measured in units of pounds or kips.

graded [lumber] adj. Having a mark that describes the quality of a given piece of lumber; typical grades include select 
structural, No. 1, No. 2, No. 3, stud, construction, standard, and utility.

grain [of lumber] n. The directional pattern observed on the surface of lumber (or manufactured products such as 
plywood) corresponding to the groups of cellulose fibers originally running longitudinally up the trunk of the tree.
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hardwood n. Wood from broad-leafed, deciduous angiosperm trees, such as oak, elm, and maple; not necessarily 
harder than “softwoods.”

hydraulic adj. Referring to cement, having the ability to harden due to a chemical reaction with water.

indeterminate adj. Pertaining to a class of structures whose reactions cannot be determined using only equations of 
equilibrium; analysis of such structures requires, in addition to equilibrium, consideration of compatibility of displace-
ments, and therefore of the relative stiffness of structural elements; such structures are also described as redundant, 
in that they contain elements, or constraints, beyond what is required for equilibrium.

influence area n. The area in plan within which a load will have an effect upon (that is, influence) a structural element, 
formerly used in the calculation of live load reduction; not to be confused with tributary area, but rather equal to the 
tributary area times the live load element factor, KLL.

internal hinge n. A connecting device within a structural form that prevents translation (vertical or horizontal moment) 
of one side relative to the other, but allows rotation; present in three-hinged arches and multi-span determinate 
beams.

joist [steel or wood] n. One of a series of closely spaced and parallel beams supporting a floor; in wood-frame construc-
tion, joists are commonly made from dimension lumber and spaced at 16 in. or 24 in. on center.

knot [in lumber] n. A defect in a piece of lumber characterized by the interruption of the board’s parallel grain by circular 
rings corresponding to the former position of a branch.

lag screw n. A type of fastener used in wood construction consisting of a head, shank, and tapered tip; part of the shank 
and tapered tip are threaded; sometimes called lag bolts.

leeward adj. Referring to the side of a building on the far side relative to the direction of  the wind; see windward.

lignin n. The “glue” binding cellulose fibers together within a wood cross section.

linear [for example, stretching and shortening on a cross section subjected to bending] adj. In a straight line; referring 
to the straight-line stress-strain (or load-deformation) curves of certain materials, within their elastic ranges.

live load reduction n. The permitted reduction of live loads assumed to be present on relatively large areas, justified 
by the probabilistic argument that the worse-case live load values found in building codes (determined for relatively 
small areas) are increasingly less likely to be valid as the areas being considered get larger; calculations for live load 
reduction were formerly based on the so-called influence area, but now are based on the tributary area multiplied by 
a live load element factor, KLL.

live load element factor [see influence area]

main member n. Where two structural elements are connected using nails or lag screws, the member into which the 
fastener end terminates; with bolts, the thicker of the two members, if any; or the middle member in three-member 
(usually bolted) connections.

modulus of elasticity n. A material property defined as the change in stress divided by the change in strain; therefore, 
the slope of a stress-strain curve; implicated in the “stiffness,” but not the strength, of a material.

moisture content n. A measure of the water within a piece of wood, defined as the weight of water divided by the dry 
weight of the wood and expressed as a percentage; the moisture content (m.c.) separating dry (“seasoned”) and wet 
(“green”) lumber is about 19%.
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moment of inertia n. For structural elements subjected to bending, a cross-sectional property indicating the section’s 
contribution to stiffness; calculated by finding the sum of the products of areas and the square of their distances to 
the centroidal axis of the section.

nail n. A type of fastener used to connect two pieces of wood consisting of a head, shank, and tapered tip; typically 
driven into the wood by means of a hammer or pneumatic device.

penetration n. For nails and lag screws, the length of the fastener within the main member.

plane structure n. A structure or structural element that can be modeled as existing, and moving under the application 
of loads, on a two-dimensional (plane) surface.

plastic [behavior of material] adj. A material property characterized by a failure to return to the initial shape after a load 
is first applied and then removed; steel, for example, has a distinct plastic range beyond its elastic range. 

plastic moment n. In steel, the bending moment at a cross section within a structural element corresponding to a 
stress distribution in which all stresses are assumed to be equal to the yield stress, Fy, half in tension and half in com-
pression.

platform frame n. A type of light wood-frame construction characterized by the use of dimension lumber for 1-story-
high vertical studs (2x4 or 2x6 at 16 in. or 24 in. on center) and closely spaced joists and rafters which, after a subfloor 
has been installed, provide a “platform” for the construction of additional stories; derived from, but has largely su-
perseded balloon frame construction.

point of inflection n. A point along a structural element subject to bending marking the transition from positive to 
negative moment; a point of zero moment between regions of bending with opposite curvature.

ponding ger. A phenomenon associated with flat or low-slope roofs in which rain water, collecting in the deflected areas 
at the midspan of roof beams, causes increased deflection as it accumulates, leading to progressively large deflec-
tions and, potentially, structural failure; can be prevented by providing adequate slope, proper drainage, and camber 
for large spans.

portland cement n. The most commonly used cement used to make concrete.

posts and timbers n. A subcategory of “timbers,”  refers to lumber whose smaller nominal cross-sectional dimension 
exceeds 4 in. and whose other nominal cross-sectional dimension is the same or no more than 2 in. bigger than the 
smaller dimension, thereby forming a relatively square shape appropriate for use as a column (post), but not limited 
to that use.

reaction n. For any structural element, the forces and moments at its supports necessary to resist the action of applied 
loads, thereby maintaining a condition of equilibrium.

redundant [see indeterminate]

reinforcement (steel) ratio [in reinforced concrete] n. The ratio of the area of reinforcing steel to the gross area, for 
columns; for beams, the ratio of the area of reinforcing steel to the area defined by the beam width times the beam 
depth measured from the face of concrete in the compression zone to the centerline of tensile steel reinforcement.

relative stiffness n. The stiffness of one element (stiffness defined for elements subjected to bending as the modulus 
of elasticity times the moment of inertia; for elements subjected to axial force, as the modulus of elasticity times 
the cross-sectional area) compared to that of another; where two or more elements combine to resist the same 
loads, those loads are resisted by each element in proportion to its relative stiffness. Stiffness is sometimes used as a 
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convenient shorthand to describe a load-deformation relationship which includes both the actual element stiffness 
(involving only material and cross-sectional properties) as well as element length or span.

residual stress n. Stress “locked in” to a structural element, usually as an unintended but unavoidable result of heating 
and cooling during the manufacturing process (for example, hot-rolled steel sections), but sometimes as a deliberate 
technique for improving material qualities (for example, tempered glass).

sag [of a cable] n. The vertical distance measured from the low-point of a cable to the level of the supports.

sag point n. The position along the length of a gable corresponding to the lowest point; see sag.

seasoning ger. The process of drying out wood after it has been cut into boards (lumber); both air-drying or kiln-drying 
are used.

section modulus n. A cross-sectional property indicating that section’s relative strength in bending; equals the mo-
ment of inertia divided by half the height of the section (for symmetrical sections).

shear force n. An internal force within a cross section perpendicular to the longitudinal axis of the structural element.

shear lag n. A phenomenon encountered when a connection is made to only a portion of a steel element in tension, so 
that the cross section in the vicinity of that connection is only partially, and incompletely, stressed.

side member n. Where two structural elements are connected using nails or lag screws, the member into which the 
fastener is first inserted; with bolts, the thinner of the two members, if any; or the two outside members in three-
member (usually bolted) connections.

sign [of a bending moment or shear force] n. An arbitrary assignment of “positive” or “negative” corresponding to 
rotational direction (for a bending moment), or vertical direction (for shear in a beam); for beams, positive bending 
corresponds to tension on the bottom and compression on the top of the cross section, with a counterclockwise mo-
ment acting on the right side of a free-body diagram; while positive shear corresponds to an downward-acting force 
on the same free-body diagram.

simply supported beam n. A beam supported by a hinge and a roller, the hinge preventing all translation but allow-
ing rotation, and the roller preventing translation perpendicular to the longitudinal axis of the beam while allowing 
“horizontal” translation and rotation; such a model is commonly applied to ordinary steel and wood beams and joists, 
which both approximates their actual behavior, and allows them to be analyzed as statically determinate structures.

slenderness ratio n. A dimensional property of a structural element subjected to axial compression indicating its sus-
ceptibility to buckling, and defined as the effective length divided by the radius of gyration; the more “slender” the 
element, the greater the tendency to buckle.

softwood n. Wood from cone-bearing gymnosperm trees, such as pines, firs, larches, etc., and comprising the majority 
of structural lumber; not necessarily softer than “hardwoods.”

spandrel [beam or girder] adj. At the outside face of a building.

specific gravity n. A material property equal to the relative density of the material compared to that of water.

spiral [in a reinforced concrete column] n. A continuous steel wire in the shape of a spiral used to confine both longitu-
dinal reinforcing steel and concrete within a round cross section.

stagnation pressure [see velocity pressure]
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statically determinate [see determinate]

statically indeterminate [see indeterminate]

stud [steel or wood] n. One of a series of closely-spaced and parallel posts comprising a wall; in wood-frame construc-
tion, studs are commonly made from dimension lumber and spaced at 16 in. or 24 in. on center.

tension-controlled member n. A reinforced concrete element in which failure is initiated by yielding of reinforcing 
steel in tension, rather than by crushing of concrete in compression.

thickness [of wood cross section] n. The smaller dimension of a wood cross section.

tie [in a reinforced concrete column] n. One of a series of steel reinforcing bars placed around the perimeter of rein-
forced concrete columns and used to confine both longitudinal reinforcing steel and concrete within  rectangular 
cross sections.

timbers n. Lumber whose smaller nominal cross-sectional dimension is greater than 4 in.

torsion n. An effect on a structural element caused by the action of a  moment about the element’s longitudinal axis; 
also referred to as torque or twisting.

tributary area n. The area in plan assigned to each structural element, measured from the centerlines between those 
elements; used to determine the distribution of loads; results in accurate load values only in special cases without 
cantilevers or continuous (indeterminate) elements, and with symmetrical placement of loads; otherwise still useful 
as an approximate means for assigning loads.

unbraced length [between lateral supports on a beam] n. The distance between lateral supports on a beam, used to 
determine the beam’s susceptibility to lateral-torsional buckling, and therefore the reduction in  allowable bending 
stress.

under-reinforced [concrete beams] adj. Having the desirable property that failure is initiated by yielding of reinforc-
ing steel in tension rather than by crushing of concrete in compression; such behavior is implemented by requiring 
a minimum steel strain at failure of 0.004 (or 0.005 to take advantage of the highest “strength reduction” factor for 
bending).

uniformly distributed [load] adj. Spread out evenly over a floor or roof (in which case it is measured in units of 
pounds per square foot), or over a linear element such as a beam (in which case it is measured in units of pounds or 
kips per linear foot).

unserviceable adj. Not useful or adequate for its intended purpose, due to such things as excessive vibration or deflec-
tion under normal loads.

velocity (or stagnation) pressure n. The pressure (uniformly distributed load) assumed to act on the surface of a 
building, caused by the force of a constant wind; proportional to the square of the wind’s speed.

weld n. A type of fastening used in steel construction in which molten steel deposited by an electrode cools and joins 
two structural steel elements together. v. To engage in the activity of depositing such electrode-steel in order to con-
nect two steel structural elements together.

width [of wood cross section] n. The larger dimension of a wood cross section.

windward adj. Referring to the side of a building directly in the path of the wind; see leeward.
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withdrawal n. The capacity of a nail or lag screw to remain in place when subjected to a tension force that would oth-
erwise pull it out.

workability [of concrete] n. Being of a consistency that permits proper mixing and placement; not too stiff.

wrought iron n. An alloy of iron with very low carbon content; in many ways a precursor to modern steel, but no longer 
commonly used.

yielding [of steel] ger. A characteristic property of steel in the plastic range in which the material is able to strain with-
out any increase in stress, that is, deformations can increase at a constant load; the stress at which yielding occurs, 
marking the end of the elastic range, is called the yield stress.
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Glossary entries shown in italics
A
Adjustment factor

beam stability, 107, 110, 112, 113, 115, 152, 153, 158
column stability, 101–106, 144, 149, 158
duration of load, 89, 96, 99–106, 108, 110, 112, 113, 115, 116, 

122–127, 129, 130–133, 135–137, 139–142, 146, 149, 154, 156, 
159, 165 

flat use, 107, 152
geometry, 122–137, 139, 140, 170, 171
group action, 122–128, 130, 132, 135, 136, 137, 140, 166, 167–169
repetitive member, 107, 108, 110, 115, 153
size, 96, 99, 100, 102–108, 110, 115–117, 144, 146, 152–154, 163
temperature, 123, 141, 146, 149, 154, 156, 158, 172
toe-nail, 123, 172
volume, 88–89, 107, 112, 113, 152, 153
wet service, 96, 99–108, 110, 112, 113, 115, 116, 122–124, 

129–133, 135–137, 139, 140–142, 144, 146, 149, 151, 153–156, 
158, 166

Admixture, 264, 267
Advanced framing, see Framing, advanced
Aggregate, 261–264, 267–269, 273, 274, 318, 333
Air entrainment, 264, 265
Allowable strength design, 38, 68, 69, 185, 201, 203, 204, 224
Allowable stress design, 30, 31, 36–38, 68–71, 83, 89, 93, 94, 96–104, 

106–108, 110, 111, 114, 116, 117, 121, 122, 143, 144, 146, 149, 
152, 156, 159, 185, 192, 193, 196–201, 203, 204, 207, 214, 
245–248, 270

Arch, three-hinged, 5, 8–10, 12, 20, 21
Arch, two-hinged, 9
Area, effective net, 191, 192, 194–196, 198, 215, 220, 221
Area, gross, 38, 96, 98–100, 191–199, 220, 221, 277, 278, 280, 281, 

291, 295, 296, 298, 299, 318
Area, influence, 51, 69, 104, 210, 211
Area, net, 29, 30, 96, 98–100, 191, 193–197, 207–209, 215, 220, 221, 

278
Area, tributary, 1–5, 8, 49, 51–53, 70–72, 74, 104, 108, 110, 112, 114, 

115, 136, 137, 200, 210, 297, 298, 338

B
Balloon framing, see Framing, balloon
Beam, 1–4, 6–8, 13, 15–17, 19, 20, 22, 23, 26, 28, 31, 33–39, 41–43, 45, 

45–52, 56, 70, 71, 73, 74, 88, 89, 91–93, 107–111, 114, 116, 117, 
123, 132, 141, 143, 145–153, 155, 158, 160–162, 171, 183, 184, 
186–189, 196, 201, 203–213, 215, 216, 224, 257, 258, 261, 264, 
266–269, 275, 282, 283, 285–294, 296–312, 316, 317, 319, 320, 
321, 322–325, 327 

Beam, continuous, 15, 17, 33–35, 152, 162, 258, 286, 289, 293–296, 
298, 299, 303, 308, 309, 312, 320, 327, 333

Beam, simply-supported, 5–7, 13, 15, 16, 22, 23, 33, 34, 152, 153, 162, 
257, 258, 282, 286, 289, 327, 337

Beams and stringers, 145–148, 150–152, 155, 158, 160, 161, 333
Bending, 5, 13, 16, 28, 33, 34, 37, 38, 41, 44, 46, 85, 89, 92, 93, 

107–117, 121, 148, 150–152, 155, 157–159, 162, 163, 179, 
182–184, 186, 201, 203–207, 209–213, 224, 238, 249, 261, 276, 
282, 284–286, 289, 290, 293, 301, 308, 310, 318

Bending moment, see Moment
Bernoulli, Daniel, 58
Bolt, 29, 30, 46, 81, 96, 98–101, 118, 119, 121–133, 136–141, 162, 

164–166, 168–176, 179, 186, 190–197, 207–209, 213–216, 223, 
241, 267, 308, 333

Bond, 282, 308, 309, 311, 313, 320
Boundary layer, 58, 60
Brittleness, 24, 25, 65, 88, 89, 181, 264, 266, 333
Buckling, 28, 31, 32, 42, 80–82, 101–103, 107, 114, 143, 158, 183, 

197–199, 203–206, 211, 257, 261, 266, 277

C
Cable, 10–12, 20, 22, 45, 184, 186, 192, 193
Cantilever, 2, 16–18, 33, 34, 41, 42, 48, 74, 81, 152, 162, 206, 258, 275, 

289, 292, 325, 327, 333
Cast iron, 181, 187, 333
Cellulose, 85, 333
Cement, 261–268, 273, 336
Column, 1–4, 8, 26, 31, 32, 42, 43, 46, 48, 51–53, 71–74, 81, 101–107, 

143, 144, 149, 158, 159, 183, 184, 186–190, 197–201, 213, 220, 
242, 244–248, 261, 266–269, 275–282, 285, 290, 293, 303, 308, 
310, 311, 313–318, 320, 326 

Compact section, 201, 203–207, 210, 212, 224, 232, 237, 238, 249, 333
Compression, 16, 20, 21, 25, 26, 29, 31–35, 38, 39, 43, 46, 85, 86, 89, 

103, 106, 107, 121, 124, 125, 134, 143, 144, 147–149, 152, 153, 
155, 158, 159, 170, 171, 181, 183, 198, 204, 206, 217, 218, 224, 
232, 234, 244, 261, 264, 278, 282, 286, 287, 308, 312–315, 318, 327

Concrete, 4, 24–26, 28, 30, 33, 36–39, 41, 43, 46, 49, 69–71, 73, 74, 80, 
81, 82, 90, 93, 94, 184, 186, 188, 190, 261–327

Confinement, 276, 277, 309, 311, 313–315, 318, 326, 327
Conifer, 85, 333
Connection, 94, 96–99, 101, 117–144, 155, 162, 166, 168–172, 174, 

175–179, 184,186, 188–194, 196, 197, 200, 207, 208, 213–223, 
241, 259, 267, 308–311

Constraint, 6–8, 10, 22–24, 32, 41, 46, 213
Corrosion, 181, 182, 223, 260, 263, 264, 267, 277, 282
Couple, see Couple under force
Cover, 269, 276, 278, 282, 285, 290, 291, 293–297, 309, 311, 312, 

316–318, 326
Creep, 266, 267
Cross-laminated timber, 90–92
Curing, 261–267, 271, 272, 276, 334
Cylinder strength, see Strength, cylinder

D
Decay, 25, 89, 334
Deflection, 3, 5, 23, 31–33, 41, 42, 44, 48, 107–109, 111, 114, 116, 117, 

158, 162, 182, 201, 207, 209–213, 258, 261, 290, 293–300, 327, 334
Deformation, 23, 24, 33, 42, 43, 62, 191, 259, 266, 308
Determinate, 4–7, 9, 20–24, 44, 286, 289, 325, 334
Development length, 308, 309, 311–315, 326, 327, 334
Diagram, free-body, 6–10, 12, 14–18, 20–22, 29, 34, 36, 38, 44, 122, 

285, 286, 334
Dimension lumber, see Lumber, dimension
Ductility, 24, 25, 28, 62, 65, 181, 183, 264, 277, 334

Index
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E
Earthquake, 1, 3, 4, 41, 43, 44 ,46, 50, 54, 62–67, 69, 75, 79, 80, 82, 

102, 104, 117, 122, 146, 154, 156, 165, 200, 223, 268, 327
Eiffel, Alexandre-Gustave, 187
Elastic, 24, 28 ,31, 35–38, 63–66, 79, 101, 182, 183, 197–199, 201–206, 

224, 257, 266, 270, 334
Elongation, 24, 29, 30, 31, 33, 35, 36, 204
Equilibrium, 5–10, 12, 14–18, 20–23, 36–38, 44, 47, 64, 67, 86, 120, 

203, 282–286, 288, 334
Euler, Leonard, 31, 32, 78, 101, 102, 197–199
Exposure, 54, 55, 58–60, 76

F
Fair Store, Chicago, 187
Fastener, see Connection
Fatigue, 89, 183
Fireproofing, 182, 276
Flexure, see Bending
Force, 334
	 axial, 13, 20–22, 43–45, 96, 98, 118, 191, 195, 224, 241, 263, 

282–284, 314, 315, 333
	 clamping, 214
	 couple, 37, 120, 121, 333
	 in connections, 46, 97, 98, 118, 120, 121, 123, 136, 137, 162
	 and deformation, 24
	 earthquake (lateral), 3, 4, 41, 43–45, 50, 54, 62, 63–67, 69, 102, 

104, 122, 136, 200, 268
	 environmental, 54
	 equal and opposite, 8, 37
	 in equlibrium equations, 5–24, 36, 64, 203
	 equivalent lateral, 63, 65
	 of gravity, 50, 65, 117
	 internal, 11, 13–24, 26, 38–40, 44, 45, 47, 88, 96, 191, 192
	 resultant, 37, 203, 283, 284, 310
	 shear, 13–17, 38–40, 44, 47, 62, 97, 98, 107, 108, 110, 112, 115, 

207, 209, 210, 212, 224, 301–304, 307, 310
	 and stress, 29, 43, 44
	 units of, 1, 68
	 wind (lateral), 3, 4, 41, 43–45, 54, 60, 62, 69, 72, 76, 77, 102, 122, 

186, 200, 268
Formwork, 184, 261–263, 266–268, 271–275, 277
Framing
	 advanced, 95, 96
	 balloon, 94. 333
	 platform, 94, 95, 118, 336
Framing plan, 2, 3, 49, 52, 70, 104, 109, 115
Free-body diagram, see Diagram, free body
Fundamental period of vibration, 62, 66

G
Gage, 30
Gehry, Frank, 187
Girder, 2–4, 8, 41, 45, 46, 49, 50, 52, 53, 73, 74, 91, 109, 111, 114, 115, 

143, 144, 186–189, 207, 209–211, 213, 215, 261, 275, 292, 303, 
307, 310–312, 320

Glued-laminated (glulam) lumber, 86, 91–93, 107. 111. 145–158, 161
Grain, 85–88, 91, 94, 96, 98, 99, 101, 121–127, 129, 131, 133–135, 

138–141, 143, 144, 147–149, 158, 162, 166, 169–177, 179, 180, 334
Guggenheim Museum Bilbao, 186, 187
Gust factor, 58–60, 77

H
Hardwood, 85, 170, 335
Hinge, 5–10, 12, 145, 15, 17, 20, 21, 24, 45, 46, 213
Hinge, internal, 9, 10, 335

Hollow structural section (HSS), 183, 185, 186. 212. 213. 223. 224. 
237–239, 241, 246, 247

Hook, 310–312, 326

I
I-joist, 92
Importance factor, 54, 58, 63, 66, 75, 77, 82
Indeterminate (redundant), 4, 6, 9, 21–24, 44, 46, 286, 289, 321, 325, 

335
Inelastic, 65, 183, 197–199, 201, 205, 206, 266
Inflection, point of, 34, 35, 44, 312, 336

J
Jenney & Mundie, 187
Joist, 74, 88, 91, 92, 94–96, 107–109, 111, 114, 116, 118, 135–137, 142, 

143, 153, 183, 184, 210–212, 302, 335

K
Knot, 86, 88, 89, 335

L
Lag screw, 96, 98, 118, 121–124, 126, 128–137, 139, 141–143, 162, 

164–166, 168–171, 177, 179, 180, 335
Laminated strand lumber, 90, 91
Laminated veneer lumber, 90, 91
Lap splice, see Splice
Leeward, 55–57, 60–62, 76, 77, 335
Length, effective, 48, 102, 107, 153, 192, 199–201, 204, 218, 242, 244, 

277, 334
Length, unbraced, 32, 102, 149, 205–207, 211, 249–257, 277, 338
Lignin, 85, 86, 335
Line of action, 5, 7
Live load, see Load, live
Live load element factor, 51, 52, 74, 108, 335
Live load reduction, 4, 51–53, 68, 71, 72, 74, 104, 108, 115, 200, 210, 

211, 294, 295, 297, 298, 335
Load factor, 69, 70, 72, 73, 83, 270, 271
Load path, 4, 23, 65
Load and resistance factor design, 69, 93, 94, 185, 270, 271
Load, concentrated, 1, 2, 3, 14, 16, 18, 22, 23, 47, 50, 107, 112, 153, 

162, 210, 258, 307
Load, dead, 4, 43, 48–50, 62–65, 68–74, 85, 100, 102, 104, 108–111, 

114, 115, 117, 124, 130–133, 135–137, 139, 142, 146, 149, 154, 
156, 159, 165, 183, 185, 200, 2009, 212, 279, 280, 285, 286, 294, 
295, 297, 298, 303, 320

Load, uniformly distributed, 2, 4, 6, 7, 14, 16, 18, 33, 45, 50, 70, 71, 74, 
108, 115, 135, 162, 210, 258, 286, 298, 299, 320, 338

Load, earthquake,  see Earthquake under force
Load, environmental, see Environmental under force
Load, live, 4, 49–54, 63, 64, 68–74, 89, 96, 102–104, 108–111, 114–116, 

135, 146, 149, 154, 156, 159, 162, 165, 185, 200, 2009–213, 270, 
279, 280, 285, 286, 294, 295, 297, 298, 303, 320

Load, seismic, see Load, earthquake
Load, snow, 2, 54–57, 63, 64, 75, 85, 89, 102–105, 111, 114, 146, 149, 

154, 156, 159, 162, 165
Load, wind, 1, 3, 4, 41, 42, 44, 46, 48, 50, 54, 55, 57–62, 65, 69, 71, 72, 

200
LRFD, see Load & resistance factor design
Lumber, dimension, 93–95, 100, 104, 106–108, 114, 145–154, 156–158, 

160, 272, 334

M
Main member, 96, 119, 121–126, 128–142, 165, 166, 168–179, 335
Mass timber buildings, 90
Method of sections, see Section method
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Modulus of elasticity, 24, 25, 30, 32, 33, 35, 89, 104–107, 114, 127, 
130, 132, 135, 140, 156–158, 162, 169, 182, 183, 206, 223, 258, 
278, 288, 320, 335

Moisture content, 86, 90, 122, 144, 146, 170, 335
Moment (bending), 3, 5–10, 12–21, 24, 26, 31, 34, 36–38, 43–47, 65, 

66, 68, 73, 81, 82, 89, 107, 108, 110, 112, 115, 152, 153, 202–206, 
209–213, 224, 250–257, 277–287, 289–300, 303, 310–313, 318, 
320–326, 333 

Moment arm, 7, 10, 14, 15, 17, 37, 203, 284
Moment diagram, 15–19, 38, 47, 108, 110, 112, 115, 209–211, 285
Moment (rotational) equilibrium, 7, 9, 10, 14, 15, 17, 18, 37, 47, 120, 

203, 283–286
Moment of inertia, 26–29, 32, 33, 37, 39, 44, 93, 160, 162, 192, 225, 

233, 235–237, 239, 240, 258, 293, 320, 336
Moment-resisting frame, 3, 5, 42, 43, 66, 81, 82
Moment, elastic, 36, 202–206, 224, 257, 334
Moment, internal, see Moment
Moment, overturning, 65
Moment, plastic, 36, 38, 202–206, 257
Moment, static, 39, 40
Moment value, 38, 286, 291, 294–299, 303, 320
Mortise, 94

N
Nail, 46, 94, 96, 118, 119, 121, 1123, 124, 126, 128–132, 135–137, 139, 

141–143, 163–166, 172, 178–180, 215, 308, 336
Neutral axis, 35–37, 39, 40, 86, 91, 171, 203, 282, 283, 286–288, 310
Newton, Isaac, 1, 5, 8
Nonlinear, 24, 36, 65, 93, 282, 283

O
Open-web steel joist, 183
Optimum value engineering, see Framing, advanced
Oriented strand board, 92

P
Parallel strand lumber, 91
Period, see Fundamental period of vibration
Plastic
	 behavior, 24, 336
	 in formwork, 271
	 moment, 36, 38, 202–206
	 region (steel), 182
	 section modulus, 28, 38, 202–204, 212, 224, 249	
Plate
	 metal connector (in wood construction), 92, 118, 121, 130–132, 

137–139, 141, 143, 144, 166, 175, 179
	 steel, 183, 186, 190, 191, 193–197, 215, 219–223, 241
	 in wood framing (horizontal “stud”), 43, 88, 94–96, 117, 143	
Plate, gusset, 191, 193–195, 219–221
Plate, pin-connected, 193, 196, 197
Platform framing, see Framing, platform
Plywood, 25, 74, 91, 92, 94, 271–273
Ponding, 33, 336
Portland cement, see Cement
Posts and timbers, 102, 106, 132, 145–148, 150–152, 155, 158, 161, 

336
Pressure, velocity, 58–60, 76, 338

R
R-value, 54,55
Radius of gyration, 28, 29, 32, 102, 192, 201, 206, 225, 233, 235–237, 

239, 240, 249, 277
Reaction
	 alkali-silica, 267

	 chemical (cement), 262, 263, 267
	 forces, 1, 6–8, 10, 13, 15–23, 50, 52, 137, 210, 336
Rebar, see Reinforcing bar
Redundant, see Indeterminate
Reinforcement ratio, 277, 279–281, 287, 318, 336
Reinforcing bar (rebar), 41, 46, 52, 223, 261, 266–268, 272, 278, 281, 

282, 285, 289–291, 294–297, 302, 308, 309, 311–313, 316–318
Response modification factor, 63, 66, 80, 81
Roof, 1, 2, 4, 33, 41–43, 48, 49, 52–61, 65–67, 71–73, 76, 77, 88, 91, 92, 

94, 102–104, 107, 111, 114, 118, 153, 159, 162, 184, 186, 188, 200, 
267, 275, 276, 286

Rupture, 29, 182, 191, 192, 195, 196, 207–209, 220, 221

S
Sag, 10–12, 337
Seasoning, 86, 337
Section method, 20, 43
Section modulus, 28, 37, 38. 44. 45. 93. 94, 107–117, 160, 163, 

202–204, 212, 224, 225, 233, 237, 239, 240, 249, 337
Seismic, see Earthquake
Seismic design category, 63–66, 80–83
Seismic load, see Earthquake under force
Seismic response coefficient, 63, 66, 82
Seismic weight, see Weight, seismic
Shear, 13–21, 24, 38–40, 42–47, 62–67, 80–82, 86, 89, 94, 97–99, 101, 

107–126, 128, 130, 132, 133, 135–139, 141, 154–156, 159, 162, 
172, 174, 175, 177–179, 191, 194–197, 201, 207–217, 219–221, 
224, 232, 241, 259, 267, 275, 286, 291, 294, 297, 301–307, 310, 
318, 319, 337

Shear, base, 62–67
Shear, block, 207, 208, 215
Shear lag, 191, 194, 195, 241, 337
Shear, double, 119–121, 128, 130, 137–139, 179, 214, 215, 259
Shear, punching, 275
Shear, single, 119, 120, 123–125, 132, 179, 215, 216, 259
Shear wall, 42, 43, 45, 80–82, 94, 267
Shrinkage (of wood or concrete), 87, 88, 262, 266, 289, 292, 325
Side member, 119–124, 127, 130, 132, 133, 135, 136, 138, 165, 166, 

168, 169, 172–175, 177–179, 337
Sign convention, 7, 9, 10, 12, 337
Slenderness ratio, 32, 101, 102, 125, 127, 129, 132, 134, 135, 140, 192, 

197–199, 201, 244, 277, 337
Slump, 265
Softwood, 85, 125, 127, 129, 131, 134, 139, 145–152, 154–158, 161, 

170, 337
Soldier, 272
Spandrel, 2–4, 49, 188, 189, 320, 337
Spiral, 269, 276–278, 280, 281, 313, 314, 317, 318, 327, 337
Splice, 166, 190, 191, 277, 313–315
Stability, 17, 42, 43, 45, 65, 92, 94, 95, 101–103, 105–107, 110, 114, 

143, 144, 149, 153, 158, 277
Stability factor, see Adjustment factor, column stability
Stagnation pressure, see Pressure, velocity
Static moment, see Moment, static
Statics, 1, 213, 267, 275
Statue of Liberty, 186, 187
Steel ratio, see Reinforcement ratio
Stiffness, 34, 25, 56, 58, 83, 84, 90, 123, 234, 235, 239, 367, 371, 406. 

420, 421
Stiffness, relative, 4,24, 336
Stirrup, 269, 301–307, 309–311, 318, 319, 326
Story, soft, 65
Story, weak, 65
Strain, 6, 24, 25, 29, 30, 35, 36, 93, 182, 191, 202, 204, 266, 278, 282, 

288, 318, 321, 325
Strain hardening, 30, 182
Strength design, 30, 38, 69–72, 83, 93, 270, 271, 284, 302, 319
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Strength reduction factor, 38, 69, 270, 271, 277–281, 284, 288, 302, 
307, 318

Strength, cylinder, 30, 265, 276, 278, 283, 285, 302, 319, 320, 334
Stress block, 53, 61, 283, 284, 287, 288, 300, 325
Stress, residual, 183, 337
Stringers — see beams and stringers
Structure, axial-force, 20
Structure, plane, 5, 13, 336
Structure, rigid-body, 6
Stud, 43, 74, 94–96, 118, 135, 136, 146, 149, 154, 183, 188, 200, 338
Symmetry, 20, 280

T
Tear-out, group, 97–101, 123, 128, 130, 132, 140, 162
Tear-out, row, 97–99, 162
Tenon, 94
Tension-controlled, 288, 318, 321, 325, 338
Ties, 269, 271, 272, 276, 277, 309–311, 313–316, 318, 326, 327, 338
Timbers, 338 (see also Posts and timbers)
Truss, 20, 21, 43, 46, 81, 82, 92, 183, 184, 188, 189, 193, 216

U
Ultimate strength design, see Strength design
Under-reinforced beam, 282, 283, 288, 289, 338
Unserviceable, 33, 338

V
Velocity pressure, see Pressure, velocity

W
Wailer, 272
Weight, seismic, 63, 65–67
Weld, 46, 183, 186, 190–192, 213, 216–222, 241, 260, 267, 308, 313, 

338
Whitmore section, 191, 192, 194, 195
Whitney, C.S., 283
Windward, 55–57, 59, 60–62, 76, 77, 338
Workability, 262–265, 339
Wrought iron, 181, 187, 339

Y
Yield limit equations, 121–123, 136–138, 165, 177–179, 223
Yielding, 120, 121, 182, 183, 191, 192, 195–197, 203, 204, 207–209, 

220, 221, 224, 278, 282, 288, 302, 339


